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Abstract

This article studies optimal growth strategies of a multiproduct firm that invests in the

qualities of different products, which have persistent effects on future payoffs and are modeled

as a state variable of a stochastic game. We derive a unique Markov perfect equilibrium.

At the early stage, the firm focuses on the product with higher quality, and may switch its

specialization. If the quality of the specialized good is high enough, the firm diversifies to

capture demands for all products. However, the firm may lose its focus on either product

and get no demand, due to a moral hazard problem.
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1. Introduction

Multiproduct firms are prevalent in the economy. According to Bernard et al. (2010),

U.S. multiproduct firms account for 87% of U.S. manufacturing output. A key observation of

the production activities of multiproduct firms is that a large share of product creation and

destruction in U.S. industries occurs within existing firms (Bernard et al., 2010; Broda and

Weinstein, 2010; Goldberg et al., 2010; Doraszelski and Jaumandreu, 2013). To understand

why firms add and drop products, we need to study firms’ growth dynamics, in which assets

such as product quality, reputation, and goodwill are built through past investments like

innovation and advertising.

The key task of organizing the activities of a multiproduct firm is to allocate its limited

resources to invest in different products. What determines a firm’s decision to allocate its

resources heavily in one product as opposed to spreading it over many products? When

does a firm make a choice in favor of a product and when does it decide to switch its focus?

To answer theses questions, we build a model of multiproduct firm dynamics, with a unique

Markov perfect equilibrium featuring interesting dynamic properties, consistent with some

stylized facts about firm’s growth strategies.

Stylized Fact 1: A firm sometimes specializes in one product initially, and later diversifies

to other products. Take the growth story of Toyota for example. In the 1970s, Toyota aggres-

sively marketed their cars to Americans as being fuel-efficient, reliable and environmentally

friendly. After successfully gaining a sizable market share in the US through persistent in-

vestments in R&D and marketing, Toyota decided to diversify by attracting customers to

new products, such as the introduction of the Lexus brand in 1989 to target the luxury-car

market segment, and the Scion in 2003 to capture the youth market. It is apparent that

Toyota has managed more than one kind of quality: it first focused solely on reliability and

efficiency; then it moved to refinement and sophistication; and finally to fun and excite-

ment.1 The empirical analyses of Bernard et al. (2010) and Broda and Weinstein (2010)

1In the literature of strategic management (see David, 2009), this is called intensive growth strategy.
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support this stylized fact: product adding is positively correlated with firm size and TFP,

and product creation is procyclical.

Stylized Fact 2: A firm may elect to switch its specialization at the early growth stage.

For instance, Marlboro cigarettes were initially targeted towards the female market, but it

turned out to be more profitable to focus on developing a cigarette for men. This stylized

fact is also supported by empirical evidence: product dropping is negatively correlated with

firm size and tenure, and product destruction is weakly countercyclical (Bernard et al., 2010;

Broda and Weinstein, 2010).

Stylized Fact 3: A firm sometimes implements an aggressive growth strategy through

diversifying in a variety of products that have anticipated future demands, instead of cur-

rent demands. Amazon, known for its commitment to long-term growth, “...was reinvesting

earnings, especially in intangible investments, like hardware, digital content, and cloud com-

puting, etc, besides its core online retail business.” According to the CEO of Amazon,“...the

company decided to invest its cash flows in promising new ventures which are currently un-

profitable.”2

In order to explain stylized fact 1, we need to understand the dynamics of multiproduct

firms that grow from specialization to diversification. The literature has studied the source

of firm’s decision to diversify, such as economies of scale, resource complementarity, decreas-

ing return to scale, etc.3 Besides the above traditional explanations, stochastic shocks play

a central role on firms’ decision to specialize or diversify in recent literature. For example,

Gomes and Livdan (2004) study how a firm invests in a single type of capital, which can be

perfectly divided into two sectors. The firm’s diversification strategy depends on the tech-

nology shock of each sector. See also Maksimovic and Phillips (2002) for productivity and

demand shocks. In addition, Matsusaka (2001) and Bernardo and Chowdhry (2002) show

that firms experiment with new businesses to find information about their “organizational

2http://www.fool.com/investing/general/2014/12/13/can-amazon-make-money-jeff-bezos-channels-
warren-b.aspx, retrieved on Dec 15th, 2017.

3See Klein and Lien (2009) for a survey on firm’s diversification.
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capabilities” (or “general resources”), which affect the cash flows of all products. Instead of

a single-dimensional asset mentioned above, this article studies a multiproduct firm’s deci-

sion on investing in various kinds of assets, which are the qualities of different goods, and

focuses not only on not how much to invest, but also on where to allocate that investment.

Moreover, we build a dynamic model without stochastic shocks to understand the linkage

between specialization and diversification, and show that the firm’s diversification in the

future serves as an endogenous source of increasing returns on investment, and thus leads

to specialization at the early growth stage.

With respect to stylized fact 2, the recent literature of product switching uses exogenous

random shocks as the primary explanatory variables. For example, Bernard et al. (2010)

explain multiproduct firm entry and exit as well as product selection by idiosyncratic shocks

to firm productivity and consumers’ tastes for products, based on the literature on the

industry dynamics.4 See also Selove (2013) for productivity shocks, and Timoshenko (2015)

for demand shocks. This article adds an alternative explanation to the recent literature by

showing that product switching in stylized fact 2 results from firms’ endogenous optimal

exploration of specialization at the early growth stage.

The literature on firm dynamics mentioned above cannot explain stylized fact 3 because

it ignores a moral hazard problem by assuming that consumers are allowed to observe firms’

current investment choices and current states such as quality, and respond optimally. But if

consumers cannot observe the current actions of firms, but only the past quality, then firms

have incentives to shirk. For instance, in 2010, the safety recalls for brake and accelerator

problems tarnished Toyota’s high reputation for quality. Before making their purchase

decisions, buyers could not observe Toyota’s flaws in R&D, but only Toyota’s long-lasting

high quality in the past. As it is well known, moral hazard may lead to inefficiency: firms

shirk and consumers do not buy. With multiple investment choices, a firm could step into

an inefficient “diversification trap” in which the firm spreads its attention to a variety of

4See Jovanovic (1982), Hopenhayn (1992), Ericson and Pakes (1995), Melitz (2003) and Doraszelski and
Pakes (2007).
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products, but consumers might decide not to buy, maybe because they do not trust the

firm’s investment intensity in each product, as suggested by Amazon’s recent experience of

“investing in currently unprofitable ventures.”5

Taking the issue of moral hazard into account, this article provides an explanation for

the existence of the “diversification trap” by analyzing how and when the consideration

of future quality creates incentives for multiproduct firms to invest in different products.

Intuitively, firms’ concern about the long-run growth helps to mitigate the moral hazard

problem, because the current shirking behavior hampers the future quality and correspond-

ing future profits. This idea is captured by a recent literature on reputation dynamics in

which reputation of a single-product firm is treated as a one-dimensional stock variable that

evolves as a function of investments in it.6 This article develops a natural generalization of

such models in which firms choose to invest in the qualities of multiple products, treated

as a multi-dimensional state variable, and finds that moral hazard is mitigated at the early

growth stage and the late growth stage, but not at the intermediate stage in which firms

have incentives to spread the resources around, leading to the “diversification trap”.

This article offers a framework of understanding multiproduct firms’ optimal growth

in the presence of moral hazard. We construct a dynamic model with tractable Markov

perfect equilibria, which capture the qualitative features displayed in all three stylized facts

simultaneously. Most important, we provide conditions under which each strategy is optimal

for the firm.

Formally, we consider a discrete-time discounted stochastic game with a long-run firm

and two sequences of short-run buyers. In each period, the firm has two horizontally dif-

ferentiated goods, 1 and 2, to sell. There are two groups of potential buyers: a buyer from

group 1 only demands good 1, and a buyer from group 2 only demands good 2. In each

period, the firm, a short-run buyer 1 and a short-run buyer 2 play simultaneously. The firm

5Here “diversification trap” focuses more on consumers’ low demands, instead of the firm’s motivation
of diversification, which may be experimentation (see Filson, 2004).

6See Board and Meyer-ter-Vehn (2013), Bohren (2011), Dilmé (2012), Halac and Prat (2016), Huang and
Li (2014) and Huangfu (2019).
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decides to invest in the quality of good 1 or 2, and buyer i = 1, 2 decides whether to buy

good i or not, without observing the firm’s investment choices. Period payoffs depend on the

current actions of the players and on firm’s two quality stocks, which are the state variables

summarizing the firm’s past investment choices. Firm’s quality stocks evolve according to

a transition rule that depends on the investment decisions. Restricting to Markov perfect

equilibria, we find quality dynamics as follows:

(i) Rewarding stage. If the total quality is high enough, there is a rewarding stage in which

the firm implements a diversification strategy by investing in both qualities in a “balanced”

way to capture full demands for both goods.7 This stage corresponds to the situation where

Toyota successfully targeted both segments of economy cars and luxury cars.

(ii) Specialization stage. If the total quality is not high enough, the firm concentrates on

investing in the good with relatively higher quality, and consequently there is full demand

for this good. This stage reminds us of Toyota’s specialization on economy cars at the early

stage.

(iii) Exploration stage. If the qualities of both goods are low enough, there may be an

exploration stage in which the firm “explores” its specialization by randomizing between

both investment opportunities, and thus there could be a change of specialization, which

explains the case of Marlboro.

(iv) Aggressive growth stage. If the total quality is about to reach the rewarding stage

through investing in either good, there could be an aggressive growth stage in which the

firm invests in both goods with low intensity, but there is no demand for either good in the

current period. This stage reminds us of Amazon’s aggressive investment strategy for future

growth, other than current sales.

The rest of the paper is organized as follows. In Section 2 we set up the baseline model.

Section 3 contains the formal analysis: in Section 3.1, we present the equilibrium outcome of

the stage game as a benchmark; in Sections 3.2 and 3.3, we give a complete characterization

of the equilibrium outcome and dynamics; in Section 3.4, we quantify the impact of transition

7In our model, total quality is defined as the sum of two qualities.
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rules on the equilibrium outcome. Finally, Section 4 concludes with a discussion of several

extensions pursued in the Online Appendix.8 Proofs of the results are relegated to Appendix

A.

2. Model

We study a discrete-time infinite-horizon discounted stochastic game where a long-run

player (henceforth the firm) plays against two infinite sequences of short-run players (hence-

forth the buyers). The time between periods is given by ∆ > 0 and the firm discounts the

future at a rate r > 0, so that the per-period discount factor is δ = e−r∆. In later sections,

we will characterize the limit of the equilibrium, where actions are taken frequently enough:

∆ → 0. In each period, two buyers arrive and play a stage-game with the firm, then exit and

do not come back. The firm sells two goods, 1 and 2, to buyer 1 and 2, respectively. There

is a simultaneous move game among the firm, buyer 1 and buyer 2: the firm chooses to

invest in good 1 or good 2; buyer i = 1, 2 chooses to buy good i or not. The firm maximizes

the expected sum of discounted payoffs, and the buyers only care about their stage-game

payoffs.

The firm’s assets are modeled as a two-dimensional state variable X = (X1, X2). For

i = 1, 2, Xi is the quality stock of good i, which affects only the stage-game payoffs of buyer

i.9 The state space X
∆ = {0,∆, 2∆, . . .}2, which means that the change of quality Xi is

proportional to the length of period ∆. This captures the idea that quality-building (or

quality-milking) is a smooth process if we restrict the maximal steps of quality change to be

bounded in each period.

The stage game is a modified version of the product-choice game in which the buyers’

stage-game payoffs depend on the firm’s quality stocks. In each period, the firm and two

buyers move simultaneously. The firm chooses to invest in the quality of each good. Due to

resource constraints, the firm cannot invest in both goods at the same time in each period.

8http://bingchaohuangfu.weebly.com/research.html, retrieved on Feb 13rd, 2019.
9We discuss the case in which Xi also affects the firm’s profit in Online Appendix.
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Formally, there are two pure actions for the firm: I1 and I2. For i = 1, 2, Ii means that firm

invests in good i and does not invest in the other good −i. There are two pure actions for

buyer i: Bi and NBi, which represent buying and not buying.

In order to describe the payoff structure in a concise way, we define players’ expected

stage-game payoffs in terms of players’ mixed strategies, instead of pure strategies. For

i = 1, 2, denote ai ∈ [0, 1] as the mixed strategy of the firm: the probability of Ii, and by

definition, a1 + a2 = 1; denote yi ∈ [0, 1] as the mixed strategy of buyer i: the probability

of Bi. It is helpful to interpret ai as the firm’s investment intensity in good i and yi as

a measure of the demand for good i. For a given pair of mixed actions (ai, yi), denote

πi(ai, yi) as the stage-game payoff of the firm from selling good i, and ui(ai, yi, Xi) as the

stage-game payoff of buyer i. Define π(a1, a2, y1, y2) ≡ π1(a1, y1) + π2(a2, y2) as the firm’s

total stage-game payoff.

Assumption 2.1: πi(ai, yi) is decreasing in ai and increasing in yi, for ai, yi ∈ [0, 1];

πi(1, 1) > πi(0, 0).

Assumption 2.2: πi(ai, yi) is strict submodular : ∂2πi(ai,yi)
∂ai∂yi

< 0, for ai, yi ∈ [0, 1].10

Assumption 2.3: π1(a, y) = π2(a, y), for a, y ∈ [0, 1].

Assumptions 2.1-2.3 describe the stage-game payoff of the firm from selling good i. As-

sumption 2.1 tells us that investment is costly, and the firm benefits from a higher market

demand. Moreover, πi(1, 1) > πi(0, 0) means that in a static game, the firm prefers to pre-

commit to invest in good i and attract full demand from buyer i, rather than the inefficient

outcome that the firm does not invest in good i and buyer i does not buy. Assumption 2.2

says that it is more expensive for the firm to provide high quality when the consumers buy

more.11This assumption captures the conflict of interest between the firm and the consumers:

the firm has stronger static incentives to abuse the consumers’ higher demand (high trusting

10We will discuss the opposite case of supermodularity in Online Appendix.
11For example, quality control in mass production may incur high costs, such as workforce development,

production inspection, test, audit, etc. See Feigenbaum (1991) for a detailed description of quality costs.
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action).12 Assumption 2.3 states that the stage-game payoffs of the firm from selling both

goods are symmetric to each other.13

Assumption 2.4:
∂ui(ai,yi,Xi)

∂yi
is increasing in ai and Xi, for any ai, yi ∈ [0, 1] and Xi ≥ 0.

There is a unique solution a∗(Xi) to
∂ui(ai,yi,Xi)

∂yi
= 0, which is is linear and decreasing in Xi.

Moreover, a∗(0) ∈ (0, 1).

Assumption 2.4 describes buyer i’s stage-game payoffs and captures the long-run incen-

tives of investment: buyer i’s marginal benefit is increasing in Xi and ai. For simplicity, we

assume a∗(Xi) is linear in Xi and independent of X−i, ruling out “spillover effect,” i.e., the

quality of one good has an impact on other goods.14 a∗(0) ∈ (0, 1) ensures that at the lowest

quality level Xi = 0, buyer i buys if the firm invests with high enough intensity, which is

aligned to the traditional product-choice game without long-run consideration.

Table 1 represents a product-choice stage-game that satisfies Assumptions 2.1-2.4. The

game matrix on the left-hand (right-hand) side describes the stage game between the firm

and buyer 1 (buyer 2): the row player is the firm and the column player is buyer 1 (buyer

2). Notice that the two game matrices are linked, because the firm chooses the same action

in both matrices, and the firm’s payoff is the sum of payoffs from two matrices. It is

trivial that for i = 1, 2, buyer i’s payoff is ui(ai, yi, Xi) = (u0 + (u1 − u0)ai + αXi)yi, and

a∗(Xi) =
1

u1−u0
(−u0 − αXi), where u0 < 0 < u1 and α > 0; the firm’s payoff from good i is

πi(ai, yi) = yi − (γ + (1 − A)yi)ai, where 0 < γ < A < 1. Therefore, the price of good i is

fixed: pi = 1. Furthermore, marginal investment cost is γ+(1−A)yi, which is subjective to

increasing marginal cost of investment: higher output corresponds to higher marginal cost.

We implicitly assume that the firm takes price pi as given in a competitive environment

and the quality influences the firm’s profit only through demand yi, but not through price

pi. However, it is without loss of generality that pi is independent of the quality Xi. In

12This conflict of interest is also assumed in the literature of reputation dynamics (Liu, 2011; Liu and
Skrzypacz, 2014; Phelan, 2006).

13See the Online Appendix for the asymmetric case.
14If we consider non-linearity and “spillover effect”, all the results in Section 3 still hold qualitatively. See

Online Appendix for details.

9



Online Appendix, we discuss the situation in which quality has a direct positive impact on

the price level: pi = 1 + λiXi, and study two cases: (1) λi ≥ 0 is exogenously given; (2) λi

is endogenously chosen by the firm. However, except price dynamics, this does not provide

new insights on the firm’s investment choices and consumers’ demand, but only changes the

dynamics quantitatively. Moreover, we also prove that the firm’s optimal choice is λi = 0

under certain situations.

Finally, we specify the transition rules of state variable X ≡ (X1, X2), which characterize

how the current investment has a persistent impact on the future buyers’ payoffs. We

consider Markov transition rules that are represented by a transition probability P : [0, 1]×

X
∆ 7→ ∆(X ∆). Given the firm’s mixed action a1 and current state variable X = (X1, X2),

P (a1, X) is the probability of the state X ′ = (X ′
1, X

′
2) in the next period. We study a class

of transition rules: U-D transition rules.

Definition 2.1. A transition rule is called U-D transition rule, where U ≥ D ≥ 1, if given

the current state X = (X1, X2) and the firm’s mixed strategy a1, the next state is

X ′ =











(X1 + U∆,max{X2 −D∆, 0}) with probability a1,

(max{X1 −D∆, 0}, X2 + U∆) with probability 1− a1.

Assumption 2.5: The transition rule belongs to the class of U-D transition rules.

Assumption 2.5 says that if the firm invests in good i, then Xi accumulates by U steps

and X−i depreciates by D steps. If U > D, the sum of the two quality stocks is guaranteed

to increase by at least U −D steps.15 If U = D, the sum of the two quality stocks remains

constant until one of the qualities reaches the lowest level 0 and cannot depreciate to a lower

level.

In U-D transition rules, there is a simplification that the state in next period X ′ is

independent of the current demand yi, mainly for tractability. However, the dependence of

transition rule on market demand has already been captured by the firm’s cost structure.

15X1 +X2 can go up by U steps if one of the qualities hits zero and hence cannot go down further.
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Consider quality of good i in the next period X ′
i as a production function of current quality

Xi and current investment ai, subjective to a fixed investment cost of the firm. As yi

increases, in order to increase ai and thus X ′
i by an extra unit, the firm incurs a higher

cost due to submodularity (Assumption 2.2). As a dual problem, as yi increases, the same

amount of investment cost can only increase X ′
i by fewer units. In other words, by fixing

the investment cost, yi has a negative effect on X ′
i. Similarly, supermodularity captures the

positive effect of demand yi on X ′
i.
16 In conclusion, it is without loss of generality to assume

the independence of transition rule on current market demand.

We assume that the firm and the buyers can observe all the past history: the past actions

of the long-run firm and the short-run buyers, as well as the state variable X = (X1, X2).

Also, we consider Markov perfect equilibria in which both the firm and the buyers play

stationary Markov strategies, as illustrated in Definition 2.2. Denote (a1(X), y1(X), y2(X))

as the mixed actions of the firm and two buyers, which only depend on the current state X .

Define V (X) as the firm’s continuation value at state X .17

Definition 2.2. (a1(·), y1(·), y2(·), V (·)) is a Markov perfect equilibrium (MPE) if, for all

X ∈ X
∆,

V (X) = max
a1∈[0,1]

(1− δ)π(a1, 1− a1, y1(X), y2(X)) + δEPV (X ′).

a1(X) ∈ argmax
a1∈[0,1]

(1− δ)π(a1, 1− a1, y1(X), y2(X)) + δEPV (X ′).

yi(X) ∈ argmax
yi∈[0,1]

ui(ai(X), yi, Xi), i = 1, 2.

s.t. P = P (a1, X).

16The case of supermodularity is analysed in Online Appendix.
17V (X) is bounded above by π1(0, 1)+ π2(0, 1), which is the firm’s highest possible stage-game payoff, so

the transversality condition is satisfied.
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3. Equilibrium Analysis

3.1. Stage-Game Analysis

As a benchmark of the dynamic game, we analyze the one-shot stage-game without long-

term consideration, in order to emphasize the importance of long-run effect of quality stocks.

Recall that at state (X1, X2), if the firm’s mixed action is ai = a∗(Xi), then buyer i = 1, 2

is indifferent between buying and not buying. Define X∗ ∈ R as a quality level such that

a∗(X∗) + a∗(0) = 1.

Proposition 3.1. Under Assumptions 2.1-2.5, the Nash equilibria of the stage-game for

each state X are payoff-equivalent as follows:18

1. If X1+X2 > X∗, there are full demands for both goods: y1(X) = y2(X) = 1 and the firm

invests in both goods with high intensity: ai(X) ≥ a∗(Xi), for i = 1, 2.

2. If X1 +X2 < X∗, there is no demand for either good: y1(X) = y2(X) = 0 and the firm

invests in both goods with low intensity: ai(X) ≤ a∗(Xi), for i = 1, 2. 19

In any Nash equilibrium of the stage game, demands for both goods are equal, because

otherwise it is a profitable deviation for the firm to invest in the good with lower demand (due

to submodularity), leading to a full demand for this good, a contradiction. By Assumption

2.4, X1 +X2 = X∗ is equivalent to a∗(X1) + a∗(X2) = 1. If X1 +X2 > X∗, then a∗(X1) +

a∗(X2) < 1, and there exists a “balanced” investment strategy (a1, a2) such that ai >

a∗(Xi) for i = 1, 2, giving rise to full demands for both goods. If X1 + X2 < X∗, then

a∗(X1) + a∗(X2) > 1. Consequently, it is not possible that a1 ≥ a∗(X1) and a2 ≥ a∗(X2)

hold simultaneously, so at least one of the two goods has no demand. As mentioned above,

the demands for both goods are equal, and consequently there is no demand for either good.

Therefore, the existence of long-term incentives is necessary to attract demand.

18In this article, two equilibria are payoff-equivalent if the discounted expected payoffs of all players are
the same at all states in both equilibria.

19If the threshold X∗ < 0, then {X1 +X2 < X∗} is an empty set.
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3.2. Markov Perfect Equilibria

After the analysis of the stage game, we study the dynamic game, in which the firm

invests in the quality stocks that have a persistent effect on future buyers’ payoffs. We focus

on Markov perfect equilibria that satisfy the following property:

Monotonicity : y1(X1, X2) ≥ y2(X1, X2) if and only if X1 ≥ X2.

Monotonicity requires market demand to be higher for the good with relatively higher

quality. This assumption has quite a strong implication, as stated in Proposition 3.2.

Proposition 3.2. Under Assumptions 2.1-2.5, if a Markov perfect equilibrium is monotone,

1. For X1 +X2 ≥ X∗, there are full demands for both goods: y1(X) = y2(X) = 1 and the

firm invests in both goods with high intensity: ai(X) ≥ a∗(Xi), for i = 1, 2.

2. For X1+X2 < X∗, then there is no demand for the good with lower quality: y−i(X) = 0,

for Xi ≥ X−i.

We make two observations. First, if X1 +X2 ≥ X∗, the firm manages quality stocks in

the same way as in the stage-game equilibria stated in Proposition 3.1. Intuitively, quality

stocks have already been built to high levels in the sense that there are full demands for both

goods, independent of current investment decision, hence the firm behaves as a short-lived

firm and invests in a “balanced” way. Second, if X1+X2 < X∗, the firm cannot invest with

high intensity for both goods, since ai ≥ a∗(Xi) implies that a−i < a∗(X−i). It follows that

the firm has to give up one of the two goods, and by monotonicity, the good with lower

quality will be given up.

Proposition 3.2 provides a basis for constructing equilibria. We only need to characterize

the demand for the good with higher quality, as well as the firm’s optimal investment

strategy in the region X1 +X2 < X∗. By means of construction, Theorem 3.3 guarantees

the existence of monotone Markov perfect equilibrium for any U-D transition rule, and also

ensures equilibrium uniqueness if U = D.

Theorem 3.3. Under Assumptions 2.1-2.5, monotone Markov perfect equilibrium exists.

Moreover, if U = D, all monotone Markov perfect equilibria are payoff-equivalent.
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In order to have a concise characterization of the Markov perfect equilibria constructed

in Theorem 3.3, it is convenient to study the limits of the equilibria, where actions are taken

frequently enough: ∆ → 0. We begin the characterization by defining the following ratio

Ai ≡
πi(1,1)−πi(1,0)
πi(0,1)−πi(0,0)

to capture the submodularity of the firm’s payoffs: a higher Ai means a

lower degree of submodularity, and thus it is less costly to build up the quality. By symmetry

(Assumption 2.3), A1 = A2 ≡ A.

To describe equilibria in a concise way, we divide the state space into six regions (see

Figure A.1). Define u ≡ U/D to capture the relative quality upgrade, taking into account

the cost of depreciating the other quality. Define X∗
U,u ≡ X∗− U

r
log 2+(u−1)A

(1−A)
as the threshold

of quality stock, above which the firm implements a complete specialization strategy.

• Rewarding stage: R ≡ {X1 +X2 > X∗}.

• Aggressive growth stage: A ≡ {0 ≤ X1 +X2 < X∗, uX1 +X2 > X∗, uX2 +X1 > X∗}.

• Specialization stage: Si ≡ {0 ≤ uX−i +Xi < X∗, Xi > X∗
U,u, Xi > X−i}.

• Exploration stage: Ei ≡ {0 ≤ uX−i +Xi < X∗, 0 ≤ Xi < X∗
U,u, Xi > X−i}.

Proposition 3.4. Under Assumptions 2.1-2.5, there is a sequence of monotone Markov

perfect equilibria with fixed ∆ > 0, such that the limit of the sequence of equilibria as ∆ → 0

is characterized as follows:

1. If X ∈ R, the firm invests in both goods with high intensity: ai(X) ∈ [a∗(Xi), 1] for

i = 1, 2, and there are full demands for both goods: y1(X) = y2(X) = 1.

2. If X ∈ A, the firm invests in both goods with low intensity: ai(X) ∈ [0, a∗(Xi)] for

i = 1, 2, and there is no demand for either good: y1(X) = y2(X) = 0.

3. If X ∈ Si, the firm invests only in good i: ai(X) = 1, there is full demand for good i:

yi(X) = 1 and no demand for good −i: y−i(X) = 0.

4. If X ∈ Ei, the firm invests in good i with intermediate intensity: ai(X) = a∗(Xi), there

is positive demand for good i: yi(X) ∈ (0, 1),20 and no demand for good −i: y−i(X) = 0.

Proposition 3.4 states that the constructed equilibrium is composed of a rewarding stage

20yi(X) = yue
r(1−A)
U+AD

(Xi−X
∗

U,u), where yu = (1+A)+(u−1)A2

2+(u−1)A
u+1
u+A

∈ (A, 1).
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R, an aggressive growth stage A, two specialization stages S1 and S2, and two exploration

stages E1 and E2. Notice the following three observations: (1) If X∗ ≤ 0, then the rewarding

stage is the unique stage, which holds if the buyers’ stage-game payoffs are so high that the

firm can attract full demands for both goods without investing in each good intensively. We

focus on the case that X∗ > 0, in which there is interesting dynamics of quality-building and

quality-milking; (2) If U = D, then there is not an aggressive growth stage; (3) If X∗
U,u < 0,

then the exploration stage does not exist, which means that the firm is willing to specialize

in the good with higher quality, instead of exploring the specialization. This is more likely if

the following three conditions holds: the firm is more patient (lower r); it is easier to build

up the quality (higher U and u); there is a lower degree of submodularity (higher A).

In the rewarding stage R, the firm invests in a “balanced” way to attract both buyers,

and enjoys the highest possible payoff. If Xi is high enough, there is full demand for good

i even if the firm does not invest in good i with high intensity. Therefore, the firm could

choose a “balanced” investment strategy to induce full demands for both goods.

In the aggressive growth stage A, the firm randomizes over both investment opportu-

nities, but there is no demand for either good. The key feature of this stage is that two

quality stocks enter the rewarding stage “directly” without reaching lowest level 0 for either

quality. If the firm expects to enter the rewarding stage and gets the highest payoff in the

next period, then it does not favor either good, as the continuation payoff is independent

of current investment decision. By backward induction, the firm’s concern about long-run

quality vanishes for any state in the aggressive growth stage. Consequently, neither buyer

buys, and the firm invests in either good with low intensity: ai(X) ≤ a∗(Xi), by the same

logic as in Proposition 3.1.

In the region Si ∪ Ei, the firm targets good i with a higher quality (Xi > X−i), named

as the specialized good, so that there is positive demand for good i and no demand for the

other good. In other words, quality is upgraded only for the specialized good i. If the initial

state belongs to the region Si ∪Ei, the firm avoids entering the aggressive growth stage A in

fear of the low future payoffs. Furthermore, the firm is willing to move into the rewarding
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stage and the only way is to depreciate one of the two qualities to the lowest level 0, in which

the opportunity of investing in the specialized good is 0. Consequently, the firm decides to

invest only in specialized good i, which is the fastest way to enter the rewarding stage.

In the specialization stage Si, where the quality of specialized good i is close to the

rewarding stage (Xi > X∗
U,u), the future benefit from entering the rewarding stage outweighs

the short-run investment cost, as the benefit is not discounted heavily. As a result, the firm

invests in good i with full intensity, and thus it is the best response for buyer i to buy.

In the exploration stage Ei, where the quality of good i is far from the rewarding stage

(Xi < X∗
U,u), the future benefit from entering the rewarding stage is discounted so much that

the firm does not invest in good i with full intensity, but randomizes between two investment

choices, and the specialized good i has a positive, but not full demand: yi(X) ∈ (0, 1).

Submodularity plays a key role here. Although the marginal benefit of investing in specialized

good i is higher than the other good, the marginal cost of investing in good i is also higher

than the other good due to submodularity. In the equilibrium, marginal benefit is equal to

marginal cost, and the firm randomizes over two investment choices. In total, the exploration

of specialization is driven by the firm’s trade-off between benefit and cost.

3.3. Equilibrium Dynamics

One of this paper’s goals is to analyze long-term equilibrium dynamics, which are com-

pletely characterized by Proposition 3.4. With respect to quality dynamics, quality stocks

initially move in a stochastic way, eventually enter the rewarding stage, and stay there

forever, as illustrated in Figure A.2.

In the rewarding stage R, the firm invests in both goods with high intensity. As a result,

each quality moves up or down stochastically and stays in the rewarding stage forever.

In the aggressive growth stage A (only if U > D), the firm invests in both goods with

low intensity. As a result, each quality moves up or down stochastically, and the sum of two

qualities goes up by U −D steps deterministically. Eventually, two quality stocks enter the

rewarding stage without detouring to other stages.
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In the exploration stage Ei, the firm invests in both goods with intermediate intensity,

and thus quality stocks move stochastically with two possibilities in the long run: reaching

X1 = X∗
U,u or X2 = X∗

U,u. Notice that there may be a change of specialization. Intuitively,

after a sequence of realizations of investing in the non-specialized good, the quality of the

specialized good could decrease all the way to the states in which the firm switches its focus.

Therefore, the change of specialization comes totally from the firm’s optimal choices, instead

of exogenous shocks.

In the specialization stage Si, the firm invests only in Xi, which is increased by U steps

deterministically at the cost of depreciating X−i by D steps. Quality dynamics display

different patterns between U = D and U > D.

For U = D, the only way of entering the rewarding stage from the specialization stage

is to depreciate the quality of the non-specialized good to the lowest level 0, and then there

is no space to depreciate it any further, so the firm builds up the specialized good Xi to the

threshold level X∗, and enters the rewarding stage.

For U > D, there may be multiple ways to enter the rewarding stage. For example, at

any state (X∗−k∆, 0) where 1 ≤ k ≤ U−D, investing in good 1 leads to the rewarding stage

(X∗+(U−k)∆, 0), and investing in good 2 also leads to rewarding stage (X∗−(D+k)∆, U∆).

As a result, the firm behaves myopically as current investment choice does not influence the

future payoffs. According to the logic of Proposition 3.1, buyer i is not convinced that

the firm would invest in quality i with high intensity due to submodularity, thus chooses

not to buy. We call these boundary states with coordination failure as “distrust states”,

which actually have an non-trivial effect on the equilibrium behavior at the interior states

of specialization stage. For example, at states (X∗ − nU∆, 0) in which the firm can reach

(X∗, 0) in exactly n periods, the firm invests only in good i in order to avoid reaching

distrust states in the future. At states other than (X∗ − nU∆, 0), the firm may randomize

between two investment choices: ai(X) = a∗(Xi), and there is positive demand for good i:

yi(X) ∈ (0, 1). However, we show that the firm exits “distrust states” within finite periods.

Therefore, as the time interval ∆ converges to 0, the concern of “distrust states” vanishes,

17



and thus the demand yi(X) converges to 1. As a result, the firm’s strategy ai(X) = a∗(Xi)

is payoff-equivalent to ai(X) = 1, as claimed in Proposition 3.4.

With respect to the demand dynamics yi(X) in the region Si ∪ Ei, Figure A.3 illustrates

the following three features. First, yi(X) only depends on Xi. Since Note that there is a

one-to-one mapping between yi(X) and V (X), Note that yi(X) determines the marginal

investment cost, and the firm’s value function V (X) determines the marginal benefit of

investment, therefore the firm’s optimal condition creates a one-to-one mapping between

yi(X) and V (X). Consequently, we only need to argue that V (X) only depends on Xi.

Intuitively, the firm’s willingness to invest originates totally from the future payoffs in the

rewarding stage, which can be reached by increasing the quality stock Xi, and consequently,

only the level of Xi influences the expected time that the firm spends before entering the

rewarding stage, i.e., V (X) only depends on Xi.

Second, yi(X) increases in quality Xi. Higher demand in the future provides the firm

incentives to to invest in Xi. At the same time, the firm invests at a specific intensity level

ai(X) = a∗(Xi) to make buyer i indifferent between buying and not buying, so that the

demand is not full, and thus there is a space for the demand yi(X) to increase in Xi.

Finally, yi(X) grows “discontinuously” at the threshold state X∗
U,u, if and only if U > D.

Intuitively, for U > D, Xi depreciates by relatively smaller steps D, if the firm invests in

X−i, and equivalently the firm does not have strong incentives to invest in Xi. The only way

of recovering the incentives is to decrease the cost of investing in good i through a dramatic

drop in demand yi(X), if Xi depreciates, leading to discontinuous demand dynamics at the

threshold state Xi = X∗
U,u.

3.4. Comparative Statics

The simple structure of the unique equilibrium in the limit ∆ → 0 enables us to conduct

several comparative statics analysis. Proposition 3.5 summarizes the impact of absolute

quality upgrade U and relative quality upgrade u on the size of different stages and the

demand yi(X). Define yu = (1+A)+(u−1)A2

2+(u−1)A
u+1
u+A

< 1, which is the demand at Xi = X∗
U,u.

18



Figure A.4 illustrates the comparative statics.

Proposition 3.5. The following statements hold:

1. A is increasing in u in the order of set-inclusion, independent of U .

2. X∗
U,u is decreasing in U and u.

3. yu is decreasing in u, independent of U .

4. For any X ∈ Si ∪ Ei, yi(X) is increasing in U , if u is fixed; yi(X) may be increasing or

decreasing in u, if U is fixed.

First, we observe that the size of the aggressive growth stage A is increasing in u.

Intuitively, the relative quality upgrade u ≡ U/D determines the “direction” in which the

firm enters the rewarding stage without reaching the lower bound zero (See Figure A.2). In

order to understand the determination of the aggressive growth stage, we need a detailed

analysis of the parameter u.

A key feature that could determine the relative quality upgrade u is the positive spillovers

between two goods, or resource complementarity.21 Complementarity exists when the value

of resources in one industry increases due to investment in another industry. For example,

assume that the quality of good Xi is composed of Si and G, i.e., Xi = Si +G. The former

represents “specific quality” that only contributes to good i and the latter is “general quality”

that brings quality improvement to both goods. In other words, G captures the positive

spillovers between different products. With resource complementarity, it is more likely to

have higher relative quality upgrade u. Assume that by investing in good 1, in the next

period, Si is upgraded by n∆ and S−i is depreciated by n∆, while G increases by m∆. It is

obvious that m measures the positive spillover. In total, Xi increases by (m+ n)∆ and X−i

depreciates by (n−m)∆. If we redefine U = n+m and D = n−m, then u = U
D
= n+m

n−m
, is

increasing in m. Moreover, u = 1 if and only if m = 0.

As “general quality” plays a more important role (m increases), the relative quality

upgrade u increases, and consequently there is a larger region of aggressive growth stage in

21See Teece, Rumelt, Dosi and Winter, 1994; Christensen and Foss,1997; Foss and Christensen, 2001.
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which the firm invests in all currently unprofitable businesses, hoping for future profits; and

the firm will enter the rewarding stage faster. Take Amazon’s story as an example. Amazon’s

success is largely due to its strong information technology infrastructure (such as Amazon

web service, digital content, cloud computing, etc.), consequently its incredible customer

information, which benefits all its products. Therefore, a firm is more likely to diversify if

it has a core competency (“general quality”) that could benefit all of its businesses.

Notice that there is a critical difference between u = 1 and u > 1. If u > 1 (i.e.

m > 0), the investment in either good enhances the general quality, improves the total

quality X1 + X2, and in turn leads the firm to the rewarding stage by diversifying its

resources into different sectors, rather than specializing in one good, since it is costly to

invest all of its resources in one sector (submodularity). On the contrary, u = 1 (i.e., m = 0)

means that there is no positive spillover (no “general quality”), and thus the total quality

remain constant. As a result, the only way to improve the total quality and to enter the

rewarding stage is to specialize in one good i, and to depreciate the quality of the other

good to the lowest level, where the opportunity cost of investing in good i is zero.

Next, we analyze the size of the specialization stage Si by studying the threshold X∗
U,u,

above which the firm chooses to specialize completely. Assume that Xi > X−i. The first

observation is that marginal benefit of investing in good i is increasing in both U and u:

as U increases, it takes less time for the firm to reach the rewarding stage and enjoy the

high payoff earlier by investing in Xi, and thus the firm is more willing to invest in good

i; as u increases, the firm benefits more by investing in good i as the opportunity cost of

depreciating X−i goes down. As a result, higher marginal benefit of investing in Xi implies

that even if the state is far away from the rewarding stage (a lower threshold X∗
U,u), the firm

is still willing to invest only in good i.

Finally, we examine the effect of U and u on the demand yi(X), where X ∈ Si ∪ Ei.

As a preliminary step, we first focus on the demand yu at the threshold Xi = X∗
U,u, and

discover that yu is decreasing in u due to the following two effects: (1) “growth effect”:

yi(X) is decreasing in u, if V (X) is fixed. Since V (X) is the discounted sum of all future
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demands from buyer i, then V (X) is increasing in both the current demand yi(X) and the

future growth rate of the demand (which is positively correlated with u). Therefore, with

fixed V (X), the current demand yi(X) is decreasing in u; (2) “threshold effect”: V (X) is

decreasing in u for Xi > X∗
U,u. We have shown that higher u implies a lower threshold X∗

U,u.

Consequently, the firm enters the rewarding stage with more delay and gets lower V (X).

Combing the above two effects, at state Xi = X∗
U,u, yi(X) ≡ yu is decreasing in u.

Based on the analysis of yu and X∗
U,u above, we study consumers’ demand yi(X). First,

yi(X) is increasing in U . As U increases, the demand needs to grow slower in the exploration

stage, in order to compensate the higher quality upgrade U by investing in Xi, so that the

firm is willing to randomize between two investment opportunities. Consequently, yi(X)

grows slower and reaches the same level yu at a lower quality level X∗
U,u, and thus yi(X) is

increasing in U (see Figure A.4). Second, yi(X) may be increasing or decreasing in u. As u

increases, demand yi(X) reaches a lower level yu at a lower threshold state X∗
U,u, and thus

yi(X) may be increasing or decreasing in u for different X ∈ Si ∪ Ei (see Figure A.4).

4. Conclusion

In this article, we study the dynamics of multiproduct quality in a setting of stochastic

games in which quality is the state variable, and derive tractable Markov perfect equi-

libria which explain stylized facts about firms’ growth strategies, such as Toyota’s inten-

sive growth strategy, Marlboro’s specialization-switching strategy, and Amazon’s aggressive

growth strategy. We also provide several extensions and show that the results go through

qualitatively.

While the baseline model is stylistic, in the Online Appendix we show that the main

result holds in several extensions. We first relax the assumption of symmetry and show

that the results hold qualitatively in all stages except the rewarding stage, in which there

is not full demand for the good with higher investment cost. In addition, we consider the

existence of economies of scope; we also analyze the case in which the firm’s marginal cost

of investment is non-increasing in demand yi (supermodularity); we further characterize the
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equilibrium in which the price of good i is directly impacted by the quality Xi (price-quality

effect), and find that, under certain circumstances, the firm optimally chooses the prices to

be independent of the quality level. We further demonstrate that all of the aforementioned

three extensions provide extra incentives for the firm to specialize.

An interesting direction for future research is to consider the scenario in which the firm

has an option of not investing. In our model, in order to focus on the trade-off between

various quality dimensions, the firm chooses to invest in either good, without an outside

option of not investing. An implication is that the firm keeps investing in both goods with

high intensity even if both qualities are very high. However, with an outside option, the

firm would have an incentive to investing in neither goods, if both quality stocks are high

enough. This may lead to a quality cycle.

Appendix A.

In this section, for simplicity, we normalize π1(0, 1) = π2(0, 1) = 1 and π1(0, 0) =

π2(0, 0) = 0. Define Ai ≡ πi(1,1)−πi(1,0)
πi(0,1)−πi(0,0)

and γ ≡ πi(0,0)−πi(1,0)
πi(0,1)−πi(0,0)

. By symmetry in Assump-

tion 2.3, A1 = A2 ≡ A.

Proof of Proposition 3.1

Proof. First, we prove that for any X = (X1, X2), y1(X) = y2(X). Assume by contradiction

that y1(X) > y2(X), then by submodularity, π1(1, y1)+π2(0, y2) < π1(0, y1)+π2(1, y2), thus

the firm prefers to invest in good 2. As a result, the buyer 2’s best response is to choose

y2 = 1, a contradiction to y1(X) > y2(X).

Next, if X1 + X2 > X∗, then y1(X) = y2(X) = 1 and ai(X) ≥ a∗(Xi) for i = 1, 2.

Assume by contradiction that y1(X) = y2(X) < 1. Therefore, ai(X) ≤ a∗(X1) for i = 1, 2,

and thus 1 = a1(X) + a2(X) ≤ a∗(X1) + a∗(X2). However, X1 +X2 > X∗ is equivalent to

a∗(X1) + a∗(X2) < 1, a contradiction.

Finally, if X1 + X2 < X∗, then y1(X) = y2(X) = 0 and ai(X) ≤ a∗(Xi) for i = 1, 2.

Assume by contradiction that y1(X) = y2(X) > 0. Therefore, ai(X) ≥ a∗(Xi) for i = 1, 2,
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and thus 1 = a1(X) + a2(X) ≥ a∗(X1) + a∗(X2). However, X1 +X2 < X∗ is equivalent to

a∗(X1) + a∗(X2) > 1, a contradiction.

Proof of Proposition 3.2

Proof. Define X = (X1, X2). Define Vi,j ≡ V (i∆, j∆). We know that π1(1, 1) + π2(0, 1) =

π1(0, 1) + π2(1, 1) ≡ 1 + A− γ. We first study the case of X1 ≥ X2. Define M∗ ≡ ⌈X∗

∆
⌉.

Step 1: If X1 +X2 ≥ M∗∆, then y1(X) = y2(X) = 1.

Firstly, if X1 > X2, then 1 = y1(X) ≥ y2(X). By monotonicity, y1(X) ≥ y2(X) at

X1 > X2. Assume by contradiction that a1(X) ≤ a∗(X1), then a2(X) > a∗(X2) and

y2(X) = 1 > y1(X), a contradiction. Therefore, we have a1(X) > a∗(X1), thus y1(X) = 1 ≥

y2(X).

Secondly, if X1 > X2, then y2(X) = 1. Assume by contradiction that y2(X) < 1. This

is impossible in the region X2 > X̃ , as it is a dominate strategy for buyer 2 to buy. For

X2 < X̃ , by backward induction, we can show that for any state X that can reach X2 ≥ X̃ ,

it is impossible that y2(X) < 1, as by investing in good 1, there is a higher short-term

investment cost and a lower continuation payoff, contradicting to a1(X) > a∗(X1).

Finally, we construct an equilibrium where y1(X) = y2(X) = 1. If X1 +X2 ≥ M∗∆, we

have a∗(X1) + a∗(X2) < 1, and thus there exists (a1(X), a2(X)) such that a1(X) ≥ a∗(X1)

and a2(X) ≥ a∗(X2). As a result, the best responses of buyer 1 and 2 are y1(X) = y2(X) = 1.

For any state X ′ in the next period, X ′ satisfies that X ′
1 + X ′

2 ≥ M∆ and the firm’s

continuation payoff reaches the highest level: V (X ′) = π1(1, 1) + π2(0, 1) = π1(0, 1) +

π2(1, 1) ≡ 1 +A− γ, so at state X , the firm behaves as a short-term firm. Conditioning on

y1(X) = y2(X) = 1, the firm is indifferent between I1 and I2, thus it is optimal to choose

a1(X) ≥ a∗(X1) and a2(X) ≥ a∗(X2) and the continuation payoff indeed reaches the highest

level 1 + A− γ.

Step 2: If X1 +X2 < M∗∆ and Xi > X−i, then yi(X) ≥ y−i(X) = 0.
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For Xi > X−i, by monotonicity, we have yi(X) ≥ y−i(X). Assume by contradic-

tion that y−i(X) > 0, then a−i(X) ≥ a∗(X−i). Because X1 + X2 < M∗∆ implies that

a∗(X1) + a∗(X2) > 1, a−i(X) ≥ a∗(X−i) implies that ai(X) < a∗(Xi), and thus yi(X) = 0,

a contradiction.

Proof of Theorem 3.3

Proof. Define X = (X1, X2). Define Vi,j ≡ V (i∆, j∆). We know that π1(1, 1) + π2(0, 1) =

π1(0, 1) + π2(1, 1) ≡ 1 + A − γ. We study the case of X1 ≥ X2. Define M∗ ≡ ⌈X∗

∆
⌉. By

Proposition 3.1, we have proved the result for X1 +X2 ≥ M∗∆. We need to check the case

of X1 +X2 < M∗∆.

Case 1: If U = D, there is a unique equilibrium.

It is without loss of generality to consider U = D = 1. We study the case of X1 > X2 and

X1 +X2 = s∆. Define Vk ≡ V (k∆, (s− k)∆) and yk ≡ y1(k∆, (s− k)∆), where s ≥ k > s
2
.

By Proposition 3.1, there is no demand for good 2.

Define M∗∗ as the smallest integer to satisfy δM
∗−M∗∗

> 1−A
1+δ

. We will prove that

• If M∗∗ ≤ k < M∗, the firm invests in good 1 and yk = 1.

• If 0 ≤ k < M∗∗, the firm chooses a1 = a∗1(k∆) and there is a unique market demand yk in

each state.

First, we prove that yk > 0. Assume by contradiction there exists k ∈ ( s
2
, s] such that

yk = 0. First, we can show that yi = 0 for s
2
< i ≤ k. We know that the firm invests in good

1 with positive probability, otherwise there is full demand for good 2, a contradiction to no

demand for good 2. Therefore, Vi = (Ayi − γ)(1 − δ) + δVi+1 ≥ (yi − γ)(1 − δ) + δVi−1 for

i = k−1, k−2. Moreover, Vk = −γ(1−δ)+δVk+1 = −γ(1−δ)+δVk−1 (We do not have strict

inequality, as otherwise yk = 1). In all, 1−A
δ
yk−1 + Ayk−2 ≤ 0, thus yk−1 = yk−2 = 0. By

induction, we have yi = 0 for i ≤ k. Next, we show that yi = 0 for i ≥ k. Because we have

shown yi = 0 for i ≤ k, then Vk+1 = Vk−1 and Vk = Vk−2. By Vk+1 ≥ yk+1 − γ(1 − δ) + δVk
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and Vk−1 = −γ(1 − δ) + δVk−2, we have yk+1 ≤ 0, thus yk+1 = 0. By induction, yi = 0 for

i ≥ k, a contradiction to the fact that there is high payoff in the rewarding stage.

Next, we show at state M∗∗ ≤ k ≤ M∗ − 1, it is optimal for the firm to invest in

good 1 and the value function only depends on X1, i.e., δ(Vk+1 − Vk−1) > (1 − δ)(1 − A),

where Vk is defined as the value function where X1 = k∆. This argument holds trivially

at k = M∗ − 1 as by investing in good 1, the firm will enter the rewarding stage. We

prove by induction and assume that the above claim holds for X1 = i∆, where i ≥ k + 1.

Therefore, Vk−1 ≤ (1− δM
∗−k+1)(A−γ)+ δM

∗−k+1VM∗ = A+ δM
∗−k+1−γ, where the second

equation holds by VM∗ = 1+A− γ. We also know that Vk+1 = A+ δM
∗−k−1− γ. Therefore,

δ(Vk+1 − Vk−1) > δM
∗−k(1 − δ2) > (1 − δ)(1 − A), by the definition of M∗∗. Therefore, at

state X1 = k∆, it is optimal for the firm to choose Ii.

Finally, for 0 ≤ k ≤ M∗∗ − 1 and large enough δ, the firm chooses a1 = a∗1(k∆) so that

buyer 1 is indifferent between buying and not. Moreover, there is a unique sequence of market

demand {yk}k≥ s
2
, where yk ≡ yi(k∆, (s − k)∆). The firm’s optimal condition implies that

Vk = (1−δ)(Ayk−γ)+δVk+1 = (1−δ)(yk−γ)+δVk−1. Therefore, yk =
1
δ
(1−A)yk−1+Ayk−2.

For s = M∗ − 1, the boundary condition is y1((M
∗ − 1)∆, 0) = 1 and y1(

s
2
∆, s

2
∆) = 1, By

induction, for s < M∗−1, the boundary condition is y1((s+1)∆, 0) = 1 and y1(
s
2
∆, s

2
∆) = 1.

There is a unique solution of the above second-order difference equation.

Case 2: If u = U/D > 1, we construct an equilibrium by the following three steps. We

focus on the case: X1 > X2.

Step 1: If X1 + X2 < M∗∆ and uX2 + X1 ≥ (M∗ − u + 1)∆, then yi(X) = 0 and

ai(X) ≤ a∗(Xi) for i = 1, 2.

If X1+X2 = (M∗−k−1)∆, then y1(X) = y2(X) = 0 and V (X) = δ⌊
k

U−D
⌋+1(1+A)−γ. If

⌊ k
U−D

⌋ = 0, then the next state satisfiesX1+X2 ≥ M∗∆ independent of the firm’s investment

strategy. Then, the firm behaves as a short-run firm. It is trivial that the unique equilibrium

outcome at state X is yi(X) = 0, ai(X) ≤ a∗(Xi) for i = 1, 2 and V (X) = δ(1 + A) − γ.

Assume the above argument is true for ⌊ k
U−D

⌋ ≤ i, then for ⌊ k
U−D

⌋ = i+ 1, the firm’s value
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function in the next state is V (X ′) = δi+1(1 + A)− γ independent of the firm’s investment

strategy. Then, the firm behaves as a short-run firm, and the unique equilibrium outcome

at state X is yi(X) = 0, ai(X) ≤ a∗i (Xi) for i = 1, 2 and V (X) = (1 − δ)(−γ) + δV (X ′) =

δi+2(1 + A)− γ. In all, by induction, we have proved the result.

Step 2: X1 +X2 < M∗∆ and X2 = 0.

Define X1 +X2 = (M∗ − k)∆. We show that for 0 ≤ m ≤ ⌊u⌋ − 1, the following holds:

• If mU + 1 ≤ k ≤ (m+ 1)U − (m+ 1)D, then y1(X) = 0 and VM∗−k,0 = δm+1(1 +A)− γ.

• If (m + 1)U − (j + 1)D < k ≤ (m + 1)U − jD, 0 ≤ j ≤ m, then a1(X) = y1(X) = 1.

Moreover, VM∗−k,0 = (1− δm+1−j)A+ δm+1(1 + A)− γ.

Firstly, we check that the above claim holds for m = 0. (1) If 1 ≤ k ≤ U − D, then

VM∗−k+U,0 = VM∗−k−D,U = 1 + A − γ by Steps 1 and 2. Therefore, y1(X) = y2(X) = 0

and VM∗−k,0 = δVM∗−k+U,0 = δVM∗−k−D,U = δ(1 + A) − γ. (2) If U − D < k ≤ U , then

VM∗−k+U,0 = 1+A−γ. By Step 1, VM∗−k−D,U = δ(1+A)−γ, thus it is trivial that a1(X) =

y1(X) = 1, y2(X) = 1 and VM∗−k,0 = (1− δ)(A−γ)+ δVM∗−k+U,0 = (1− δ)A+ δ(1+A)−γ.

Secondly, assume by induction that the above claim holds for m = i. We need to show

that it also holds for m = i + 1. (1) If (i + 1)U + 1 ≤ k ≤ (i + 2)(U − D), VM∗−k+U,0 =

δi+1(1 + A) − γ by induction and VM∗−k−D,U = δi+1(1 + A) − γ by Step 1. Therefore,

y1(X) = y2(X) = 0 and VM∗−k,0 = (1 − δ)(−γ) + δVM∗−k+U,0 = δi+2(1 + A) − γ. (2)

If (i + 2)U − (j + 1)D < k ≤ (i + 2)U − jD, 0 ≤ j ≤ i + 1, then VM∗−k+U,0 = (1 −

δi+1−j)A + δi+1(1 + A) − γ. By Step 1, VM∗−k−D,U ≥ δi+1(1 + A) − γ. Comparing the

marginal benefit of investing in good 1, we can show that a1(X) = y1(X) = 1, y2(X) = 0

and VM∗−k,0 = (1− δ)(A− γ) + δVM∗−k+U,0 = (1− δi+2−j)A+ δi+2(1 + A)− γ.

Step 3: X1 +X2 < M∗∆, uX2 +X1 ≤ (M∗ − U(u− 1)− 1)∆.

DefineK∗ as the largest integer k that δk+⌊u⌋−2[(1+δ)δ⌊u⌋−2+Aδ(1+· · ·+δ⌊u⌋−2)] > 1−A.

At state X = (M∗ − kU + i,m)∆, we prove that:

1. If k ≤ K∗ and 0 ≤ i ≤ D − 1, a1(X) = y1(X) = 1.

2. If k ≤ K∗ and D ≤ i ≤ U − 1, a1(X) = a∗(X1) and y1(X) ∈ (0, 1).
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3. If k > K∗ and 0 ≤ i ≤ U − 1, a1(X) = a∗(X1) and y1(X) ∈ (0, 1).

Firstly, we check the case that k ≤ K∗ and 0 ≤ i ≤ D−1. Assume by induction that the

above argument holds for k−1, where k−1 ≥ ⌊u⌋, which is indeed true for k−1 = ⌊u⌋. Then,

we show that the above argument holds for k. The first observation is that VM∗−kU+i−D,m <

(1−δk−⌊u⌋+2)A+δk+1(1+A)−γ. By Step 2, VM∗−U(⌊u⌋−1)+i−D,0 ≤ (1−δ)A+δ⌊u⌋(1+A)−γ.

Therefore, VM∗−kU+i−D,m+U < (1 − δk−⌊u⌋+1)(A − γ) + δk−⌊u⌋+1VM∗−U(⌊u⌋−1)−D,0 ≤ (1 −

δk−⌊u⌋+2)A + δk+1(1 + A) − γ. By induction, we have VM∗−(k−1)U+i,m−D = (1 − δk−1)A +

δk−1(1 + A) − γ, thus δ(VM∗−(k−1)U+i,m−D − VM∗−kU+i−D,m+U) > δ
(

(1 − δk−1)A + δk−1(1 +

A)− (1− δk−⌊u⌋+2)A− δk+1(1 + A)
)

> (1 − δ)(1− A), which holds for k ≤ K∗. Therefore,

the firm invests in good 1 for sure, and consequently there is full demand for good 1.

Secondly, for the rest of the states, we can construct an equilibrium such that a1(X) =

a∗(X1) and y1(X) ∈ (0, 1) so that both the firm and buyer 1 are indifferent between two

choices. Moreover, similar to the proof of the case U = D, we derive the optimal condition

as yM∗−(k−1)U+i,m−D = 1−A
δ
yM∗−kU+i,m + AyM∗−kU+i−D,m+U .

Proof of Proposition 3.4

Proof. We only need to prove that the results hold for X1 +X2 ≤ X∗, X1 > X2.

Step 1: uX2 +X1 > X∗.

By Theorem 3.3, in the limit ∆ → 0, ifX1+X2 < X∗ and uX2+X1 > X∗, then yi(X) = 0

and ai(X) ≤ a∗(Xi) for i = 1, 2. Also, we have V (X1, X2) = (1 + A)e
r

U−D
(X1+X2−X∗) − γ.

Step 2: uX2 +X1 < X∗.

Define X1 ≡ lim∆→0(M
∗ − kU − i)∆, where 0 ≤ i ≤ U − 1. Therefore, k < K∗ is

equivalent to X1 > X∗
U,u , where X∗

U,u ≡ X∗ − U
r
log 2+(u−1)A

1−A
and K∗ is the largest integer

k that δk+⌊u⌋−2[(1 + δ)δ⌊u⌋−2 + Aδ(1 + · · ·+ δ⌊u⌋−2)] > 1 − A (See Theorem 3.3). We follow

Theorem 3.3 by presenting two cases as follows:

(1) X1 > X∗
U,u.
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Theorem 3.3 demonstrates that the demand follows different patterns in the following

two categories of states: (1) yM∗−kU+i,m = 1 for D ≤ i ≤ U − 1; (2) yM∗−(k−1)+i,m−D =

1−A
δ
yM∗−Uk+i,m + AyM∗−kU+i−D,m+U for D ≤ i ≤ U − 1. Notice that if the state belongs to

category (2) and the quality of good 1 depreciates, then the state will reach category (1) in

finite steps. Therefore, it is trivial to show that the demand in any state converges to 1, as

∆ → 0. Moreover, a1(X) ≥ a∗(X1).

(2) X1 < X∗
U,u.

For convenience, we redefine X1 as lim∆→0 n∆, where n = M∗−kU−i, where 0 ≤ i ≤ U−

1. Consider the following second-order difference equation yn+U,m−D = 1−A
δ
yn,m+Ayn−D,m+U ,

which have U + D characteristic roots: i.e., x1 > 1 and |xi| < 1 for i = 2, · · · , U + D.

Therefore, yn,m =
∑U+D

i=1 cix
n
i . As ∆ → 0, x1 → 1 + r 1−A

U+AD
∆. Consequently, y1(X1) =

lim∆→0 yn,m = lim∆→0 c1x
X1/∆
1 = c1e

r 1−A
U+AD

X1 = y1(X
∗
U,u)e

r 1−A
U(1+A/u)

(X1−X∗

U,u).

Next, we use value matching of V (X1, X2) at X1 = X∗
U,u to pin down y1(X

∗
U,u). First,

we prove that V (X1) =
A+u
1+u

y1(X1)− γ for X1 < X∗
U,u. Since the firm is indifferent between

two investment choices, then V (X1, X2) = (1 − δ)(Ay1(X1, X2) − γ) + δV (X1 + U∆, X2 −

D∆) = (1 − δ)(y1(X1, X2) − γ) + δV (X1 − D∆, X2 + U∆). In equilibrium, y1(X1, X2)

and V (X1, X2) only depend on X1, thus we change the notation to y1(X1) and V (X1).

As ∆ → 0, the above equation implies that dV (X1)
dX1

= r(1−A)
U+AD

(V (X1) + γ) = r(1−A)
U+D

y1(X1).

Therefore, V (X1) =
A+u
1+u

y1(X1)− γ. Second, we show that V (X1) = A− γ + e
r
U
(X1−X∗) for

X1 > X∗
U,u. Buyer 1 chooses to buy with positive probability: V (X1, X2) = (1− δ)(A−γ)+

δV (X1 + U∆, X2 − D∆) ≥ (1 − δ)(1 − γ) + δV (X1 − D∆, X2 + U∆) with the boundary

condition that V (X∗, 0) = 1+A− γ. As ∆ → 0, we get dV (X1)
dX1

= r
U
(V (X1) + γ −A). In all,

V (X1) = A−γ+e
r
U
(X1−X∗). Finally, we match the value of V (X1, X2) atX1 = X∗

U,u to derive

the demand at X1 = X∗
U,u. Value matching implies that A+u

1+u
y1(X

∗
U,u)− γ = V (X1−, X2) =

V (X1+, X2) = A− γ + e
r
U
(X∗

U,D−X∗). By the definition X∗
U,u = X∗− U

r
log 2u+(u−1)A

1−A
, we have

y1(X
∗
U,u) =

(1+A)+(u−1)A2

2+(u−1)A
u+1
u+A

.
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By summarizing the above three points, we get for 0 < X1 < X∗
U,u,

y1(X1) =
(1 + A) + (u− 1)A2

2 + (u− 1)A

u+ 1

u+ A
e
r 1−A
U(1+A/u)

(X1−X∗

U,u).

Step 3: We check the firm’s optimality condition at uX2 +X1 = X∗.

We will show that the firm strictly prefers to invest in good 1 at state uX2 +X1 = X∗.

If the firm does not invest in good 1, and consequently enters the region uX2 + X1 > X∗,

then it will get zero stage-game payoff before entering the region X1 + X2 ≥ X∗. If the

firm invests in good 1, then the firm will enjoy positive stage-game payoff before entering

the region X1 + X2 ≥ X∗. Therefore, the firm strictly prefers to invest in good 1 at state

uX2 +X1 = X∗.

Proof of Proposition 3.5

Proof. First, statement (1) holds by the definition of the aggressive growth stage A ≡

{X1 + X2 < X∗, uX−i + Xi ≥ X∗}: Higher u implies a larger region of A in the order

of set-inclusion. Second, statements (2) and (3) hold by the definition of X∗
U,u and yu:

X∗
U,u = X∗ − U

r
log 2+(u−1)A

1−A
, and yu = (1+A)+(u−1)A2

2+(u−1)A
u+1
u+A

.

Next, we prove that yi(X) is increasing in U . Proposition 3.4 shows that for Xi < X∗
U,u,

as a function of U and u, the demand function yi(Xi, U, u) is

yi(Xi, U, u) =
(1 + A) + (u− 1)A2

2 + (u− 1)A

u+ 1

u+ A
er

1−A
U(1+A/u)

(Xi−X∗

U,u).

If U ′ > U , then X∗
U ′,u < X∗

U ′,u. We have three observations: yi(Xi, U
′, u) > yi(Xi, U, u)

for Xi < X∗
U ′,u; yi(Xi, U

′, u) = 1 > yi(Xi, U, u) for X∗
U ′,u ≤ Xi < X∗

U,u; yi(Xi, U
′, u) =

yi(Xi, U, u) = 1 for Xi ≥ X∗
U,u. In all, yi(Xi, U, u) is (weakly) increasing in U for all

X ∈ [0, X∗]. Finally, we show that statement (4) holds. Assume that u′ > u = 1. We

first prove that yi(Xi, U, u) > yi(Xi, U, u
′) at Xi = X∗

U,u′ and u′ → 1. It suffices to show

29



that
∣

∣

∣

d(log yi(Xi,U,u))
du′

∣

∣

∣
<

∣

∣

∣

d(log yi(Xi,U,u′))
du′

∣

∣

∣
at u′ → 1 and Xi = X∗

U,u′, which holds as follows:
∣

∣

∣

d log yi(Xi,U,u)
du

∣

∣

∣
=

∣

∣

∣

∣

d log yi(Xi,U,u)
dX∗

U,u′

dX∗

U,u′

du′

∣

∣

∣

∣

= 1−A
2

A
1+A

< 1−A
2

=
∣

∣

∣

d log yi(Xi,U,u′)
du′

∣

∣

∣
=

∣

∣

∣

d log(yu′ )

du′

∣

∣

∣
. More-

over, yi(Xi, U, u) < 1 = yi(Xi, U, u
′) for Xi ∈ (X∗

U,u′, X∗
U,u). In all, yi(Xi, U, u) may be

increasing or decreasing in u for different X .
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Table A.1: The Stage Game (0 < γ < A < 1, u0 < 0 < u1, α > 0)

B1 NB1

I1 A− γ , u1 + αX1 −γ , 0
I2 1 , u0 + αX1 0 , 0

B2 NB2

I1 1 , u0 + αX2 0 , 0
I2 A− γ , u1 + αX2 −γ , 0
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Figure A.1: Markov Perfect Equilibria as ∆ → 0
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Figure A.2: Quality Dynamics
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Figure A.3: Demand Dynamics
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Figure A.4: Comparative Statics
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