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Abstract. This paper studies a model of quality-building in which the quality of a firm

is treated as capital stock that accumulates by past investments, depreciates when there is

no investment, and has a persistent effect on future payoffs. The setting is a discrete-time

discounted stochastic game between a long-run firm and a sequence of short-run buyers

where the firm’s quality is the state variable. If actions are taken frequently enough, there is

a unique Markov perfect equilibrium. For low levels of quality, the firm randomizes between

investing and not investing, and the buyers randomize between buying and not buying. The

firm always has an incentive to build the quality even if the stock reaches the lowest level.

For high levels of quality, there is full demand and the firm exploits the quality by not

investing. Quality moves cyclically between these two stages. Under certain circumstances,

there is an extra stage, a quality-absorbing stage. If the firm’s quality is very low, the firm

loses the incentive to invest and quality eventually declines to the lowest level which is an

absorbing state. We also characterize the equilibrium if price is endogenously chosen by the

firm, and find that the firm implements a premium pricing strategy at the early stage and

a discount pricing strategy at the late stage.

1. Introduction

A firm’s investment into its quality and reputation is vital in its growth and its long-term

relationship with the consumers. A stock of quality is built not only to attract current

buyers, but also for the future profit by persistently influencing the payoff of both the firm

and future buyers. For example, Toyota enjoyed a high reputation for quality because it

had made continuous R&D to guarantee reliable vehicles. Besides the physical capital stock

such as product quality, intangible assets, such as a company’s brand name, solid customer
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goodwill, good employee relations, corporate social responsibility, also creates future value

to the firm. In order to acquire a high goodwill, a company needs to make consistent

investments such as advertising, developing the workforce, helping social causes, etc. In the

recent e-commerce businesses, (e.g., Amazon, Taobao, eBay, etc.), the customer-generated

ratings provided by the online platforms need a company’s consistent investment in service

quality. The word-of-mouth feedbacks from previous customers changes the future demand

dramatically. Moreover, in the labor marekt, human capital stock is treated as a worker’s

asset. A worker receives costly on-the-job training and learning-by-doing to accumulate

human capital, which influences his or her future productivity and changes the experience

in the future labor market.

It is clear from above example that there may be a concern of moral hazard. For instance,

before making their purchase decisions, buyers could not observe a firm’s possible flaws in

R&D, which gives rise to recall repairs. The reason that customers resort to online reviews are

due to the uncertainty about the quality and fit of each individual product. The employers

are not sure about the potential employees’ effort to invest in human capital before hiring

them. As is well known, moral hazard may lead to inefficient provision of quality: firms

shirk and consumers do not buy.

The long-run incentives provide a channel to overcome the moral hazard problem. Notice

that the consumers care not only about current quality choice, but also the past quality.

Hence, firms’ concern about the long-run profitability helps to mitigate the moral hazard,

since the current shirking behavior hampers the future quality and corresponding future

profits. This idea is captured by a recent literature on reputation dynamics in which rep-

utation of a firm is treated as a stock variable that evolves as a function of investments in

it.1

Another observation is that the quality stocks, which have a persistent impact on future

price and demand, might be sustainable in the long run, as illustrated by many successful

reputation recovery stories.2 The evidence from those stories is that a firm’s quality or

1 See the literature review for a detailed discussion.
2Dietz and Gillespie (2012) present six case studies about The BBC, Siemens, Mattel, BAE Systems, Sev-

ern Trent and Toyota. Sharon Beder (2002) studies Nike’s successful reputation recovery from criticism over

its poor labor and environmental standards. See also the good reaction to social media crisis by Kitchenaid,

DKNY and Burger King (http://oursocialtimes.com/6-examples-of-social-media-crises-what-can-we-learn/).
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reputation only gets tarnished rather than vanishing. Moreover, its negative effect is felt

not only through prices, but also through sales, and quality can be eventually restored. For

instance, in 2010, the safety recalls for brake and accelerator problems tarnished Toyota’s

high reputation ranking, and the reputation damage caused sale reduction (Shin, Richardson,

and Soluade, 2012). However, after three years of a gradual reputation-recovery process,

Toyota has bounced back to become one of the most highly regarded companies in the U.S.

by 2013.3 It is clear from our discussions above that the long-term consequences of quality

upgrade include the direct effect through future prices and the indirect effect through future

demands. However, the literature has, to our knowledge, unilaterally focused on the impact

of quality on consumers’ willingness to pay, and ignores the role of demand.

It is worth mentioning that the literature also assume that the firm has no control over

price, which is an exogenous function of quality. This may be proper in a competitive

environment, while it is necessary to include endogenous pricing decision and study the

determination of prices in a monopoly setting. There are three crucial research questions:

(1) when and how does the firm stimulate sales through its pricing? (2) whether price

provide additional signal to the firm’s current quality choice, besides the past quality? (3)

how does the joint decision of price and investment determine the firm’s optimal stopping

time to build quality? Thus, it is important to offer a model incorporating both pricing and

investing decision, and analyze these joint impact on quality dynamics.

Motivated by the above discussions, this paper models quality as capital stock that is

smoothly accumulated by investment and depreciates when there is no investment. Con-

sumers cannot observe current product quality prior to purchase, but only the past quality,

which gives rise to moral hazard problem. We studies how a firm overcomes moral hazard

problem through long-term incentives by future quality, and characterize the long-term dy-

namics of quality and demand, if price is an exogenous function of quality. Moreover, we

also analyze the dynamic pricing strategy if the firm has the power of charging the prices in

each period.

Formally, we consider a discrete-time discounted stochastic game between a long-run player

(henceforth firm) and a sequence of short-run players (henceforth buyers). In each period,

3 2008-2014 Harris Poll Reputation Quotient (RQ), from Harris Interactive. The ranking of Toyota among

the most visible companies in the U.S. from 2008 to 2014 is 10th, 20th, 20th, 43rd, 31st, 19th, and 21st.
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the firm charges a price (exogenously or endogenously). After observing the price, a buyer

decides whether to buy the firm’s product or not, and the firm chooses to either invest in its

quality or not. Period payoffs depend on the current actions of the players and on the quality

stock, which is the state variable. The quality stock evolves according to a transition rule

that depends on the firm’s decisions. The firm discounts the future with a constant discount

factor. Restricting to Markov perfect equilibrium, we study the dynamics of quality, demand

and price. In particular, we determine when there is a quality cycle in the long run.

If the firm takes the price as exogenously given (as a function of quality stock), we discover

a unique Markov perfect equilibrium. With respect to the way that the quality influences the

firm’s future payoff, there are two effects: the direct effect through prices and the indirect

effect through sales. We find that if the direct effect dominates the investment cost, the only

equilibrium is the efficient outcome in which the firm invests and the buyers buy. Otherwise,

the indirect effect plays a key role in equilibrium, which is characterized by a quality-building

stage, a quality-exploitation stage, and a possible quality-absorbing stage.

When quality stock is higher than a threshold, it is a dominant strategy for the buyer to

buy. Hence, indirect effect does not work since demand has already reached the full level.

Since direct effect alone is not enough to cover the investment cost, the firm chooses to

exploit the quality by not investing. For low levels of quality which are below the threshold,

there is a quality-building stage in which the demand is increasing in quality, so that the

firm is willing to invest, hoping for higher future demand and price. At the same time, the

firm invests with a specific intensity level (which is decreasing in quality) to guarantee that

the demand is not full and there is room for demand improvement in the future. In the

quality-building stage, the quality stock goes up and down (as players randomize) as long as

it is below the threshold. Once it is above the threshold, it goes back down as the firm does

not invest. This process repeats ad infinitum. Therefore, there is a long-term quality cycle,

which fits the successful reputation comeback stories including Toyota’s story.

Notice that the indirect effect has limitations since the demand has a lower bound. Hence,

if the threshold is so high that it takes a long string of quality upgrade to reach that level,

then there is an extra stage, a quality-absorbing stage: for very low levels of quality, the

firm loses the incentives to invest and there is no demand, thus, quality is transitory: after
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a sequence of bad luck, the quality eventually reaches the quality-absorbing stage, and then

deterministically declines to the lowest level which is an absorbing state.

If the firm is able to select the price, we also find a Markov perfect equilibrium with

similar quality dynamics, which is the unique one to satisfy the condition that demand is

non-decreasing in quality. When the quality is lower than a threshold, the firm charges a

high price that covers all the gain from quality-upgrade. It seems that a firm could profitably

attract consumers by cutting the price slightly. However, this need not be so, if consumers

believe that a lower price is bound to exert lower effort as a result, which is exactly the

case since the marginal investment cost is increasing in demand (submodularity). Hence,

besides past quality, price is an additional signal of the firm’s current investment choice:

higher price corresponds to higher investment intensity. When the quality is higher than the

threshold, the firm charges a low price to attract full demand, even if the buyers know that

the firm starts to exploit the quality by not investing. At the threshold, there is a sudden

price discount and a drastic demand rise.

In the baseline model, we consider transition rules that are “local” in order to capture the

spirit that quality stock accumulates and depreciates smoothly as capital stock. Heuristically,

we do not allow for drastic jumps in the stock as a result of investment or lack of it, which

means that the next period’s stock is at most one unit apart from the current stock. We also

assume deterministic transition rule, which is only controlled by the firm. In the extension,

we do robustness check by discussing other transition rules which allow stochastic noises,

quality breakdown and word-of-mouth effect.

1.1. Related Literature. We now briefly discuss the relationship between prior theoretical

contributions and the current model. Recent papers capture the idea that a firm’s reputation

is accumulated by past efforts. In Board and Meyer-ter-Vehn (2013), Dilme (2012) and

Marinovic et al.(2018), reputation is treated as a belief of product quality that can be changed

by a firm’s past investments. In the models mentioned above, faced with new information,

reputation goes through discontinuous jumps, relative to continuous drifts when there is no

new information. Furthermore, reputation only brings a premium to the price since the price

is the expected quality of the product and the buyers have unit demand for the product. In

contrast, our model in the stochastic-game setting allows for the possibility that the quality
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stock depreciates instead of jumping discontinuously, and its impact is mainly felt through

sales instead of prices, which captures the recent reputation stories mentioned above.

Besides the reputation for product quality, there are papers on reputation in other aspects.

Halac and Prat (2014) studies the dynamics of firm’s quality of monitoring the worker’s

performance, which is considered as an intangible and imperfectly observable asset. Upon

the arrival of a perfect good news, reputation displays discontinuous jumps. Huang and

Li (2014) modeled the reputation of a mutual fund manager as the profitable information

acquired. Reputation gain is realized through prices, and reputation either goes up or down

smoothly. Cisternas (2018) studies the worker’s human capital accumulation in a setting of

career concern in which wage is the expectation of a worker’s ability. The worker strategically

chooses on-the-job skill acquisition, which influences the labor market experience in the

future.

The closest paper is Bohren (2019), who studies a class of stochastic games in which the

actions of a long-run player have a persistent effect on future payoffs. There are some key

differences between the two papers. First, Bohren (2019) builds a continuous-time model

in which the investment impacts the state variable noisily. The imperfect signal is subject

to Brownian motion, in order to guarantee the existence of a Markov equilibrium. Having

infinite variation on any small time interval, Brownian motion might be suitable to describe

the path of prices in the market, instead of quality stock. On the contrary, we analyze a

discrete-time model with the assumption of “smooth” transition rule in the sense that quality

moves at most one-step up or down, which seems more appropriate. Second, Bohren (2019)

assumes that there are absorbing states at the boundary of the state space to guarantee

the uniqueness of the Markov equilibria. If the state starts from the boundary, the long-run

player loses the incentive to invest and quality is stagnant. In our model, we do not need this

assumption and explicitly characterize the necessary and sufficient condition for the existence

of an absorbing state. Third, Bohren (2019) focuses on the impact of the state variable on

the buyers’ willingness to pay, instead of the demand. On the contrary, we pay attention

to the dynamics of both demand and price. Finally, Bohren (2019) identifies the condition

to guarantee that the only Perfect Public Equilibrium (PPE) is Markovian by combining

frequent actions with noisy Brownian information. No such result is available in our model.
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We show the uniqueness of Markov perfect equilibrium and there may be non-Markovian

equilibria.4

This paper is linked to literature on prices are signals of quality. In the provision of

experience good, in order to prevent firms from enjoying the short-run profits by reducing the

quality of their products, some punishment mechanisms are necessary, such as the possibility

of being detected due to the pre-purchase noisy information (Wolinsky, 1983), the loss of

consumer base due to low prices in a search model (Rogerson, 1988), or the fear of losing

the reputation and existing the market (Klein and Leffler, 1981; Shapiro, 1983, etc.). Price

serves as an instrument to amplify firms’ losses from quality reduction. In our paper, the

deterioration of future quality provides the firm incentives to invest in quality. Price is a

perfect signal of current investment choice, since the consequence of a quality reduction is

significant demand drop.

This paper relates to the large literature on the existence of stationary equilibria in

discrete-time discounted stochastic games which started with Shapley (1953) and is still

active (see Levy and McLennan (2015) for further reference). This paper studies a specific

discrete-time discounted stochastic game and characterizes the unique equilibrium among all

stationary Markov equilibria if actions are taken frequently enough, given any fixed discount

rate. Focusing on perfect public equilibria (PPE) other than stationary equilibria, several

folk theorems characterize the equilibrium payoffs for discrete-time discounted stochastic

games as players are patient enough.5 Pȩski and Wiseman (2014, 2015) study discrete-time

discounted dynamic stochastic games where transition rules depend on the length of the

period, and characterize the PPE payoffs if the length of the period shrinks, given fixed

discount rate. Related to Pȩski and Wiseman (2014), this paper studies transition rules that

depend on the length of the period: the magnitude of the state transition is proportional to

the length of the period.

The rest of the paper is organized as follows. Section 2 sets up the baseline model.

Section 3 contains the formal analysis: Section 3.1 gives a complete characterization of the

equilibrium outcome and dynamics; Section 3.2 derives a tractable solution in the limit;

4In our model, if the volatility of the state variable is bounded away from zero as actions are taken

frequently enough, it is not clear whether there is non-Markovian equilibrium or not.

5 See Dutta (1995), Fudenberg and Yamamoto (2011), and Hörner, Sugaya, Takahashi, and Vieille (2011).
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Section 3.3 provides comparative statics analysis. Finally, Section 4 analyzes the dynamic

pricing strategy if the firm can charge prices endogenously. Section 5 presents extensions of

the model, including other transition rules. Section 6 concludes with a discussion of several

extensions pursued in the Online Appendix. Proofs of the results are relegated to Appendix

A.

2. Model

We study a discrete-time discounted stochastic game where a long-run player (henceforth

the firm) plays against an infinite sequence of short-run players (henceforth the buyers). The

time between periods is given by ∆ > 0 and the firm discounts the future at a rate r > 0, so

that the per-period discount factor is δ = e−r∆. In later sections, we will focus on the case

where actions are taken frequently enough: ∆ is small, as well as the limit case as ∆ → 0.

In each period, a buyer arrives and plays a stage-game with the firm, then exits and does

not come back. The firm sells a good to the buyer with a given price (Section 3) or charges

the price endogenously (Section 4), and then chooses to invest in the good or not; the buyer

chooses to buy the good or not. The firm maximizes the expected sum of discounted payoffs.

The buyers only care about their stage-game payoffs.

The quality of the product is modeled as a state variable X, which affects only the stage-

game payoffs of the buyers. The state space X∆ is {0,∆, 2∆, . . .}, which means that the

shift of reputation X is proportional to the time interval ∆. This captures the idea that

reputation building (or milking) is a smooth process if we restrict the maximal steps of

reputation shift to be bounded in each period.

The stage game is a modified version of the product-choice game in which the buyers’

stage-game payoffs depend on past quality and the firm’s current investment in quality. In

each period, the firm and the buyer move simultaneously. There are two pure actions for the

firm: I and NI, which represent investing and not investing. There are two pure actions for

the buyer: B and NB, which represent buying and not buying.

In order to describe the payoff structure in a concise way, we define players’ expected

stage-game payoff in terms of players’ mixed strategies, instead of pure strategies. Denote

a ∈ [0, 1] as the mixed strategy of the firm: the probability of I. Denote y ∈ [0, 1] as the

mixed strategy of the buyer: the probability of B. It is equivalent to consider a continuum
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of homogeneous buyers with a population of 1, and then y is interpreted as the market

demand.6 It is also helpful to interpret a as the firm’s investment intensity. For a given pair

of mixed actions (a, y), let π(a, y) and u(a, y,X) denote the stage-game payoffs of the firm

and the buyers.

Assumption 2.1: π(a, y,X) is decreasing in a and increasing in y; π(1, 1, X) > π(0, 0, X).

Assumption 2.2: π(a, y,X) is strict submodular : ∂2π(a,y,X)
∂a∂y

< 0.

Assumptions 2.1-2.2 describe the stage-game payoff of the firm. Assumption 2.1 tells us

that in a stage-game, the firm prefers not to invest and the firm is better off if the buyer

buys. Moreover, the firm prefers cooperation (a, y) = (1, 1) to noncooperation (a, y) = (0, 0),

which means that the firm has an incentive to build the quality. Assumption 2.2 says that it

is more expensive for the firm to provide high quality when the consumers buy more.7This

assumption captures the conflict of interest between the firm and the consumers: the firm

has stronger static incentives to abuse the consumers’ higher demand (high trusting action).8

Assumption 2.3: ∂u(a,y,X)
∂y

is increasing in a and X.

Assumption 2.4: There exists X∗ > 0 such that ∂u(a,y,X)
∂y

= 0 for X = X∗ and there exists

a unique solution a∗(X) ∈ (0, 1) to ∂u(a,y,X)
∂y

= 0 for 0 ≤ X < X∗.

Assumptions 2.3-2.4 describes the stage-game payoff of each buyer and captures the per-

sistent quality effect: each buyer’s marginal benefit is increasing in quality X and the firm’s

current investment choice a. If X ≥ X∗, it is a weakly dominant strategy for the buyer to

buy, which means that the buyer prefers to buy independently of the firm’s current behavior

if the firm has accumulated enough quality stock in the past. If X < X∗, then the firm has

a specific investment intensity a∗(X) to make the buyers indifferent between buying or not.

Assumption 2.5: π(a, y,X) = π(a, y, 0) + λXy and u(a, y,X) + π(a, y,X) is independent

of λ, where λ ≥ 0.

6See the online appendix for the discussion of heterogeneous buyers.
7For example, quality control in mass production may incur high costs, such as workforce development,

production inspection, test, audit, etc. See Feigenbaum (1991) for a detailed description of quality costs.
8This conflict of interest is also assumed in the literature of reputation dynamics (Liu, 2011; Liu and

Skrzypacz, 2014; Phelan, 2006), and the literature of quality choice (Wolinsky, 1983; Rogerson, 1988).
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Assumption 2.5 captures the idea that product’s quality directly improves the firm’s prof-

itability, which is measured by a parameter λ ≥ 0. Moreover, since the total gain from trade

is independent of λ, then λ is also interpreted as the firm’s market power (or the product’s

price), and thus a lower λ also reduces the buyer’s payoff directly. Note that if λ = 0, the

quality does not have an impact on the firm’s profitability. Section 5 allows λ to be chosen

by the firm endogenously in each period.

The following is an example that satisfies Assumptions 2.1-2.5. The firm’s profit function

is π(a, y,X) = (1 + λX)y − (γ + (1− A)y)a, where 0 < γ < A < 1, and the price of good i

is determined by the product’s quality: p = 1 +λX. Furthermore, marginal investment cost

is γ+ (1−A)y, which is subjective to increasing marginal cost of investment: higher output

corresponds to higher marginal cost. Buyer’s payoff is u(a, y,X) = (u0 + (u1 − u0)a+ (α−

λ)X)y, and a∗(X) = 1
u1−u0

(−u0 − (α− λ)X), where u0 < 0 < u1 and α > λ ≥ 0.

Finally, we specify the transition rules of state variable X, which characterize how the

current actions have a persistent impact on the future payoffs of the buyers. We consider

Markov transition rules represented by a transition probability P : [0, 1]2×X ∆ 7→ ∆(X ∆).

Given the firm’s mixed action a ad the current state variable X, P (a,X) is the probability

of the state X ′ in the next period.

In this section, we focus on a specific transition rule: one-step transition rule, which

captures the ideas that quality accumulates and depreciates smoothly, as the maximal step

of quality shift is ∆.

Definition 2.1. A transition rule is called one-step transition rule, if given the current state

X and the firm’s mixed strategy a, the next state is X ′ = X + ∆ with probability a and

X ′ = max{X −∆, 0} with probability 1− a.

Notice that the one-step transition rule is deterministic: investing leads to higher quality

and not investing leads to lower quality. In the deterministic case, the marginal benefit of

investing reaches the highest level. In Section 5.1, we consider transition rules with stochastic

shocks. Moreover, in one-step transition rule, there is a simplification that the state in next

period X ′ is independent of the current demand y, mainly for tractability. However, the

dependence of transition rule on market demand has already been captured by the firm’s

cost structure. Consider the quality in the next period X ′ as a production function of current

quality X and current investment a, subjective to a fixed investment cost of the firm. As
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y increases, in order to increase a and thus X ′ by an extra unit, the firm incurs a higher

cost due to submodularity (Assumption 2.2). As a dual problem, as y increases, the same

amount of investment cost can only increase X ′ by fewer units. In other words, by fixing

the investment cost, y has a negative effect on X ′. Similarly, supermodularity captures the

positive effect of demand y on X ′.9 In conclusion, it is without loss of generality to assume

the independence of transition rule on current market demand.

In this paper, we assume that the firm and the buyers can observe all the past history: the

past actions of the firm and the buyers, as well as the state variable X. Also, we consider

Markov perfect Equilibria, in which both the firm and the buyers play stationary Markov

strategies. Denote (a(X), y(X)) as the mixed actions of the firm and the buyers which only

depend on the current state X. Define V (X) as the firm’s continuation value at state X.

Definition 2.2. (a(·), y(·), V (·)) is a Markov perfect equilibrium (MPE), if for all X ∈X∆,

V (X) = max
a∈[0,1]

π(a, y(X), X) + δEPV (X ′).

a(X) ∈ argmax
a∈[0,1]

π(a, y(X), X) + δEPV (X ′).

y(X) ∈ argmax
y∈[0,1]

u(a(X), y,X).

s.t. P = P (a,X).

3. Equilibrium Analysis with Exogenous Prices

3.1. Markov Perfect Equilibrium. First, we study the case that λ
1−A+γ

is large enough,

where λ measures the direct effect that quality has on the the firm’s profitability and 1 −

A+ γ = π(0,1)−π(1,1)
π(0,1)−π(0,0)

measures the firm’s investment cost if there is full demand. Intuitively,

large λ
1−A+γ

implies that the long-term direct effects dominates the short-term investment

cost.

Proposition 3.1. Under Assumptions 2.1-2.5, λ
1−A+γ

> 1−δ
2δ∆

and δ > A+γ−1
2A

, there is a

unique Markov perfect equilibrium as follows:

(1) a(k∆) = y(k∆) = 1 for k ≥ 1.

(2) At state 0,

(a) If λ
1−A+γ

≥ 1−δ
δ∆

, then a(0) = y(0) = 1.

9The case of supermodularity is analysed in Online Appendix.
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(b) If λ
1−A+γ

< 1−δ
δ∆

, then a(0) = a∗(0) and y(0) =
A+ λ∆

1−δ−
γ
δ

A+ 1−A
δ

∈ (0, 1).10

Proposition 3.1 characterize the unique Markov perfect equilibrium: the firm invests in

quality with full intensity, since the firm’s incentive to invest for the future profit from quality

upgrade dominates the short-term investment cost. Consequently, there is full demand since

the buyers are convinced that the firm invests for sure.

Although the existence of the equilibrium seems natural, the uniqueness is not straight-

forward. The realization of future benefit of higher quality depends on the fact that the

future buyers will decide to buy. However, due to moral hazard problem, it is possible that

the future buyers will not buy, resulting in low return from investing in quality today. Con-

sequently, it may be not the case that the firm invests for sure. However, it is apparent

that the firm invests for sure if the quality of the product is so high that it is a dominant

strategy for the buyer to buy. Then, by backward induction, we are able to prove that the

firm invests at all levels of quality stock.

Next, we focus on the case that λ
1−A+γ

is not large enough, so that the firm’s motivation to

invest is ambiguous and depends on quality stocks. We will prove that there are two kinds

of Markov perfect equilibria: non-absorbing equilibria and absorbing equilibria.

In a non-absorbing equilibrium, the buyers buy at state 0: y(0) > 0, the firm always has

incentive to invest at state 0: a(0) > 0 and there is no absorbing state. Define K as the

smallest integer to satisfy K∆ > X∗, that is K = bX∗
∆
c+ 1. There are two stages as follows:

(1) In the quality-building stage: 0 ≤ k ≤ K−1, the firm invests positive intensity: a(k∆) =

a∗(k∆), and there is positive demand y(k∆) ∈ (0, 1).

(2) In the quality-exploitation stage: k ≥ K, the firm does not invest: a(k∆) = 0 and there

is full demand: y(k∆) = 1.

In the absorbing equilibrium, state 0 is an absorbing state, in which there is no demand

and the firm loses incentives to invest: a(0) = y(0) = 0. There are three stages as follows:

there exists an integer K > 0 such that

(1) In the quality-absorbing stage: 0 ≤ k < K, the firm does not invest: a(k∆) = 0 and

there is no demand: y(k∆) = 0.

10δ > A+γ−1
2A guarantees that y(0) ∈ (0, 1).
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(2) In the quality-building stage: K ≤ k ≤ K − 1, the firm invests with positive intensity:

a(k∆) = a∗(k∆), and there is positive demand y(k∆) ∈ (0, 1).

(3) In the quality-exploitation stage: k ≥ K, the firm does not invest: a(k∆) = 0 and there

is full demand: y(k∆) = 1.

Define two payoff parameters A and γ: A = π(1,1)−π(1,0)
π(0,1)−π(0,0)

, γ = π(0,0)−π(1,0)
π(0,1)−π(0,0)

. The parameter A

captures the submodularity of the firm’s payoffs. Higher A means a low degree of submodu-

larity, thus a higher intensity of conflict between the firm and the buyers. The parameter γ

captures the investment cost if the buyer does not buy. By Assumption 2.1, γ < A < 1.

Theorem 3.2 characterizes the equilibrium behavior under one-step transition rule if ac-

tions are taken frequently enough.

Theorem 3.2. Under Assumptions 2.1-2.5 and λ
1−A+γ

< 1−δ
2δ∆

, there exists ∆̄ > 0 such that

for all ∆ < ∆̄, there is a unique Markov perfect equilibrium as follows: there exist K̂ > 0,

(1) If K ≤ K̂, the unique Markov perfect equilibrium is the non-absorbing equilibrium.11

(2) If K > K̂, the unique Markov perfect equilibrium is the absorbing equilibrium.

Theorem 3.2 states that Markov perfect equilibrium can only be one of the two kinds of

equilibria: non-absorbing equilibria and absorbing equilibria.

If it is easy to reach the state in which there is full demand (K ≤ K̂), then quality cycle is

characterized by a quality-building stage and a quality-exploitation stage. In the latter stage

when the quality is high enough, the buyers’ dominant strategies are to buy. Therefore, the

buyers cannot reward the firm by increasing the demand, thus there is no incentive for the

firm to build the quality. In the former stage when the quality X is low, the equilibrium

demand is not full, since otherwise the firm would have lost the incentive to invest since future

demand cannot be even higher. Actually, the equilibrium demand makes the firm indifferent

between investing and not investing. The firm invest in such a way (a(k∆) = a∗(k∆)) that

the buyers are indifferent between buying or not buying. Notice that there cannot be full

demand in the quality-building stage, since otherwise the firm never loses the incentive to

invest because quality can be exploited in the near future (K is small enough).

Quality dynamics is as follows: for low states, the firm invests with positive intensity and

quality moves upward or downward. After a series of quality upgrades, quality reaches the

11It is possible that the firm strictly prefers to invest at state ∆.
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quality-exploitation stage, in which the firm exploits the quality since there is no need to

build more quality, and go downward back to the quality-building stage. After a series of

unfortunate quality downgrades, the quality hits the lower bound 0, the firm still invests

with positive intensity and the quality bounces back, so that there is a permanent quality

cycle at X ∈ [0, X∗].

On the other hand, if it is difficult to reach the state in which there is full demand (K > K̂),

then there is one extra stage: the quality-absorbing stage. For low states X < X, the firm

loses the incentive to invest since the long-term benefit of building a quality is dominated by

the short-term cost of investing. As a result, the buyers choose not to buy. Consequently,

quality moves down to the absorbing state 0. For high state X > X, quality dynamics is

exactly the same as above. A string of bad luck reduces the quality between the cutoff level

X, and the quality continues to go down all the way to the absorbing state 0, and stays

there forever. In all, there is not a quality cycle in the long run.

3.2. The Limiting Equilibrium. In order to have a concise characterization of the Markov

perfect equilibria constructed in Theorem 3.2, it is convenient to study the limiting equilib-

rium, which is defined as the limit of the sequence of equilibria with ∆ > 0, as ∆ → 0. In

the limit, we present an analytic solution of the equilibrium demand and study the existence

of an absorbing state.

Proposition 3.3 describes the equilibrium behavior in the limit as ∆→ 0. Define y∗(X) =

1− λ− r
2

(1−A+γ)

λ− r
2

(1−A)
(1− ( 1+A+2λX

1+A+2λX∗
)
r(1−A)

2λ
−1). Define X < X∗ to satisfy y∗(X) = γ

1+A+2λX
.

Proposition 3.3. Under Assumptions 2.1-2.5 and λ < r
2
(1−A+γ), the limit of the sequence

of equilibria with ∆ > 0, as ∆→ 0, is characterized as follows:

(1) If X ≥ X∗, then a(X) = 0 and y(X) = 1.

(2) If max{0, X} ≤ X < X∗, then a(X) = a∗(X) and y(X) = y∗(X).

(3) If 0 ≤ X < max{0, X}, then a(X) = 0 and y(X) = 0.12

Regarding the equilibrium demand y(X) in the quality-building stage, there are two ob-

servation. First, the demand y(X) is increasing in X, as we expected. The role of demand

growth is to provide the firm incentives to invest. Moreover, the growth rate of demand y′(X)
y(X)

is decreasing in X. As the quality approaches the quality-exploitation stag (X increases),

12If X < 0, then there is no quality-absorbing stage.
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the firm is more willing to invest to enjoy the future benefit. Consequently, the growth rate

of demand does not need to be high.

Notice that in the absorbing equilibrium, y(X) is not continuous at the threshold state

X between the quality-absorbing stage and the quality-building stage. Actually, y(X) does

not exist at X = X, since the variation of y(k∆) does not vanish as k∆ → X and ∆ → 0.

As a sequence, the value function V (X) is not “smoothly pasted” at X.

Next, we study the threshold X that determines the existence of an absorbing state.

Proposition 3.3 states that X measure the length of the quality-absorbing stage. Moreover,

there is an absorbing state if and only if X > 0, which means that it is difficult for the firm

to build the quality to a level that there is full demand at the early stage (high X∗), hence

the firm gives up building the quality at the first place.

3.3. Comparative Statics. Based on the analytical results from Proposition 3.3, we present

comparative-statics analysis in order to derive testable implication of the model. We focus

on the impact of four parameters on the equilibrium behavior: the firm’s discount rate r,

the submodularity A, the basic investment cost γ, as well as the firm’s bargaining power λ.

Corollary 3.4. At any state X in the quality-building stage,

(1) y′(X)
y(X)

is increasing in r, A−1 and γ.

(2) y(X) and V (X) are decreasing in r, A−1 and γ.

(3) X is increasing in r, A−1 and γ.

Corollary 3.4(1) states that the equilibrium growth rate of the demand y′(X)
y(X)

increases if

the firm cares less about future (higher r), the conflict between the firm and the buyers are

is more serious (higher A−1), and the basic investment cost increases (higher γ). Note that

all the above changes of parameters weaken the incentives for the firm to invest. In order

to compensate the weakening of incentives, the buyers need provide stronger incentives by

raising the growth rate of y(X). Corollary 3.4(2) follows naturally, since a high growth rate of

demand implies a lower level of demand y(X) at each given X, given that the demand reaches

1 at a given threshold X∗. Consequently, the lower demand hurts the firm’s continuation

value V (X). Corollary 3.4(3) states that weak incentives to invest (higher r, A−1 and γ)

lead to a longer initial periods in which the firm gives up building the quality (higher X).

Corollary 3.5. At any state X in the quality-building stage,
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(1) If X∗ is fixed, y′(X)
y(X)

is decreasing in λ, and y(X) and V (X) are increasing in λ.

(2) If X∗ is fixed, X is decreasing in λ.

(3) X∗ and a∗(X) are increasing in λ.

Corollary 3.5 first studies how the firm’s bargaining power influences the demand as well

as the firm’s continuation payoff, in the quality-building stage. We draw mixed conclusions.

With respect to the impact of λ on y(X), it can be written as dy(X)
dλ

= ∂y(X)
∂λ

+ ∂y(X)
∂X∗

∂X∗

∂λ
,

with two opposing effects: (1) ∂y(X)
∂λ

> 0 is the direct effect from the supply side; (2)

∂y(X)
∂X∗

∂X∗

∂λ
< 0 is the indirect effect from the demand side. Corollary 3.5(1) characterizes the

direct effect: with a larger bargaining power λ, the firm has strong incentives to invest, and

in the equilibrium, the buyers need to weaken the incentives by slowing down the demand

growth, which leads to a higher demand level for any X < X∗. Corollary 3.5(3) describes

the indirect effect: a higher λ reduces the buyers’ willingness to pay, and thus it is difficult

to induce full demand, i.e., higher X∗. Consequently, the demand level at any X is lower

since it reaches 1 at a higher threshold X∗. In total, the reaction of y(X) to λ depends on

which effect dominates. Regarding the firm’s value function V (X), similar result holds since

y(X) and V (X) are positively correlated.

Regarding the impact of λ on X, there are also two opposing effect: dX
dλ

= ∂X
∂λ

+ ∂X
∂X∗

∂X∗

∂λ
,

where ∂X
∂λ

< 0 is the direct effect from the supply side and ∂X
∂X∗

∂X∗

∂λ
> 0 is the indirect effect

from the demand side. Corollary 3.5(2) captures the direct effect: a higher λ improves the

firm’s value function directly, which in turns gives the firm stronger incentives to build up

the quality, and thus it is less likely to have an absorbing state (lower X). Corollary 3.5(3)

characterizes the indirect effect: a higher λ postpones the state X∗ at which there is full

demand, and consequently, it is more difficult to build the quality to the level X∗. In all,

the existence of an absorbing state depends on which effect dominates.

4. Endogenous Prices

In this section, we extend the analysis by assuming that λ is endogenously determined

by the firm in each period. Formally, in each period with state X, the firm first chooses

λ ∈ [0, α], where α > 0 is the total gain from quality upgrade (See Assumption 4.1). Notice

that the price is 1 + λX. After λ is chosen and observed by the buyer, the firm and the

buyer play a product-choice game simultaneously, as illustrated in Section 3. We slightly
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changes the definition of Markov perfect equilibrium (Definition 2.2) by adding λ(X) in first

sub-stage of the stage-game. For tractability, we assume that the buyers’ payoffs are linear

in X as follows.

Assumption 4.1: u(a, y,X) = u(a, y, 0) + (α− λ)Xy.

Assumption 4.1 introduces a new parameter α > 0 to capture the total gain from quality

upgrade. Given a firm’s choice of λ, the firm and the buyers share total gain by getting λ

and α− λ, respectively. We assume that λ ∈ [0, α] to restrict the firm’s pricing decision, so

that it cannot charge more than the total gain from the quality.

The next result (Theorem 4.1) demonstrates a Markov perfect equilibrium under endoge-

nous choice of λ. We first introduce some preliminary notations. Define a∗λ(X) as the

investment intensity to make the buyers indifferent between buying or not, given that the

firm chooses λ ∈ [0, α] at state X; define λ∗(X) as the level of λ to make the buyers indif-

ferent between buying or not, given the firm does not invest at state X. Define τ0 to satisfy

λ∗(τ0) = 0. Assumption 4.1 implies that λ∗(X) = α(X−τ0)
X

. Define the equilibrium demand as

d(X) = (µ(τ)− rγ
2α−r(1−A)

)(1+A+2αX
1+A+2ατ

)
r(1−A)
α
−1+ rγ

2α−r(1−A)
, where µ(X) = 1+λ∗(X)X

1+αX
= 1+α(X−τ0)

1+αX
.

Define τ = max{τ0, H
−1(0)}, where H(X) ≡ α− r

2
((1−A)µ(X) + γ)− 1−A

2
µ′(X). Define τ

to satisfy d(τ) = γ
1+A+2ατ

.

Theorem 4.1. Under Assumptions 2.1-2.5, 4.1, one-step transition rule, and α < r
2
(1−A+γ)

there exists a Markov perfect equilibrium as follows: there exists τ > τ > 0 such that,

(1) If X > τ , then the firm chooses λ(X) = λ∗(X). Given λ(X) ≥ λ∗(X), a(X) = 0 and

y(X) = 1; given λ(X) < λ∗(X), then a(X) = a∗λ(X) and y(X) = d(X).

(2) If max{0, τ} ≤ X ≤ τ , then the firm chooses λ(X) = α. Given λ ∈ [0, α], a(X) = a∗λ(X)

and y(X) = d(X).

(3) If 0 ≤ X < max{0, τ}, then λ(X) ∈ [0, α], a(X) = 0 and y(X) = 0.

Moreover, there is a trivial equilibrium in which λ(X) = α, a(X) = y(X) = 0 for any X.

The equilibrium above is the unique non-trivial Markov perfect equilibrium that satisfies

y(X) is non-decreasing in X.

Theorem 4.1 characterizes the equilibrium if the firm has the opportunity to choose the

price in each period. Similar to the case of exogenous λ, the equilibrium is composed of a
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quality-building stage, a quality-exploitation stage, and a possible quality-absorbing stage.

However, besides similar quality dynamics, there are several new insights as follows.

Theorem 4.1 gives a theoretical prediction for the joint movements of prices and equi-

librium quantities. In the quality-building stage, the price is equal to the total quality

premium: λ = α and the demand is not full. In the quality-exploitation stage, the firm

chooses λ = λ∗(X) to make the buyer indifferent between buying and not buying, and hence

the price is less than the total premium: λ = λ∗(X) < α, but is increasing in the quality

stock X.

At the early stage X < τ , the firm’s price serves as a signal of the firm’s investment

choice, which influences the product quality. If the firm chooses λ first, then the equilibrium

investment intensity is a∗λ(X) to make the buyers indifferent between buying and not buying.

Notice that a∗λ(X) is increasing, then the buyers make rational inferences about the firm’s

quality based on prices that higher prices correspond to more intense investment.

The determination of the threshold τ , above which the firm starts to exploit the quality,

is an optimal stopping problem, in which the firm’s control variable is not only investment

intensity, but also the price level. In the case of exogenous price, the optimal time to stop

building the quality is the moment when there is a full demand even if the firm decides not

to invest. With endogenous prices, the firm has the freedom to manage the demand and the

stopping time by setting the price level.

We find that the firm is faced with only two relevant strategy: (1) premium pricing

strategy: a high price 1 + αX and a high investment intensity a∗α(X), accompanied by a

low demand y(X) ∈ (0, 1); (2) discount pricing strategy: a low price 1 + λ∗(X)X and a low

investment intensity a(X) = 0, accompanied by a full demand y(X) = 1. The firm’s short-

term profits under two strategies are (1 + αX)y(X) and 1 + λ∗(X)X, respectively.13 The

stopping time τ is chosen such that (1+ατ)y(τ) = 1+λ∗(τ)τ . Consequently, (1+αX)y(X) ≥

1+λ∗(X)X if and only if X ≤ τ . Intuitively, at the early stage X < τ , the firm does not have

an incentive to attract higher demand by reducing the price, due to a deep price discount

(low 1+λ∗(X)X
1+αX

). At state X = τ , the firm is indifferent between two strategies since the

demand elevation exactly compensates the price discount. At the late stage X > τ , the firm

13Under Markov perfect equilibrium, the firm’s future continuation payoff is the same under two strategies.

Hence it suffice to focus on the firm’s short-term profit maximization.



STOCHASTIC QUALITY CYCLES 19

prefers to charge a low price and enjoys the full demand. Notice also that at the stopping

point τ , the firm ceases to invest and there is a rapid price decline and a drastic demand

rise.

Notice that as α increases, a deeper price discount is needed to attract higher demand,

and thus the firm is more willing to stay in the quality-building stage and charge high prices

(higher τ).14

5. Extensions

In this section, we extend the baseline model to general transition rules and find that the

main results in the previous section still hold qualitatively. Specifically, we add stochastic

noises to the transitional rule; we allow the quality stock to move discontinuously; we also

study the influence of buyers’ choices on the transition rule. For simplicity, we only discuss

the case that the product’s quality does not influence the price: λ = 0.

5.1. Stochastic One-Step Transition Rule. In this section, we focus on a specific class of

transition rules: stochastic one-step transition rules, which capture the stochastic movement

of the quality beyond the control of the investment, which is specified as below:

Definition 5.1. A transition rule is a stochastic one-step transition rule, if given the current

state X, the next state X ′ is described as follows: for p ≥ 0 and q ≥ 0, (1) if the firm invests,

then the probability that X ′ = X+ ∆ is 1− q and the probability that X ′ = max{X−∆, 0}

is q; (2) if the firm does not invest, then the probability that X ′ = max(X −∆, 0) is 1 − p

and the probability that X ′ = X + ∆ is p.

Given that the firm does not invest, p is the probability of quality upgrade. Given that

the firm invests, q is the probability of quality downgrade. Hence, p and q represent the

stochastic shocks, which weaken the firm’s long-term benefit from investing. Notice that if

p = q = 0, the transition rule is is deterministic as in the main model.

Assumption 5.1: p+ q < 1, q
1−p < A < 1−q+q2

1−pq .

Assumption 5.1 holds for small p and q. A > q
1−p guarantees that the buyers can provide

enough incentives for the firm to invest. p + q < 1 implies that investing leads to a high

14We can prove τ is non-decreasing in α, by the definition of τ .



20 BINGCHAO HUANGFU

probability of quality upgrade than not investing. A < 1−q+q2

1−pq is a technical condition to

guarantee the uniqueness of Markov perfect equilibrium.

Proposition 5.2 characterizes the equilibrium behavior under stochastic one-step transition

rules if actions are taken frequently enough: ∆→ 0. Define y∗pq(X) ≡ e−r
1−A

1−2q+(1−2p)A
(X∗−X)(1+

γ
1−A)− γ

1−A . Define Xpq to satisfy y∗pq(Xpq) = (1−2p)γ
1−2q+(1−2p)A

.

Proposition 5.2. Under Assumptions 2.1-2.5, 5.1, λ = 0, and stochastic one-step transition

rule, there is a unique Markov perfect equilibrium as ∆→ 0, described as follows:

(1) If X ≥ X∗, then a(X) = 0 and y(X) = 1.

(2) If max{0, Xpq} ≤ X < X∗, then a(X) = a∗(X) and y(X) = y∗pq(X).

(3) If 0 ≤ X < max{0, Xpq}, then a(X) = 0 and y(X) = 0.15

(4) y∗pq(X) and V (X) are decreasing in p and q.

(5) Xpq is increasing in p and q.

Proposition 5.2 states that a noisier transition rule (higher p and q) leads to lower demand.

Intuitively, the noises weaken the firm’s long-term incentives to invest, since a one-time no

investment may improve the quality with probability p rather than quality depreciation for

sure, and an one-time investment may reduce the quality with probability q rather than

quality upgrade for sure. As a result, the buyers need to compensate the weakening of

incentive by increasing the growth rate of the demand. Since the demand reaches 1 at a

given level X∗, a higher growth rate leads to higher demand in each state X < X∗. In

addition, weaker incentives to invest also make the firm more likely to cease to invest at the

early stage (higher Xpq). To summarize, higher p and q make it more difficult for the firm

to build the quality.

5.2. Breakdown Transition Rule. If we interpret the state variable as goodwill, it might

be reasonable to allow the firm to experience a “breakdown” of the goodwill: a sudden drop

to zero, which is the lower bound of the state space X∆, if the firm shirks. In breakdown

transition rules below, the domain of next state X ′ is either X + ∆ or 0.

Definition 5.3. A transition rule is a breakdown transition rule, if given the current state

X, the next state X ′ is described as follows: for ρ0 > ρ1 ≥ 0, (1) if the firm invests, then

15If Xpq < 0, then there is no quality-absorbing stage.
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P (X ′ = 0) = ρ1∆ and P (X ′ = X + ∆) = 1 − ρ1∆; (2) if the firm does not invest, then

P (X ′ = 0) = ρ0∆ and P (X ′ = X + ∆) = 1− ρ0∆.

Notice that ρ1(ρ0) is the Poisson arrival rate of depreciating to the lower bound quality

level if the firm invests (does not invest). Intuitively, it is more likely to experience a drastic

quality depreciation if the firm does not invest: ρ0 > ρ1 ≥ 0. Hence, ρ0 − ρ1 measures the

long-term benefit from investing, due to a less likelihood of quality breakdown. Assumption

5.2 says that the short-run investment cost is low, relative to the long-term benefit.

Assumption 5.2: ρ0−ρ1

r+ρ0
> γ.

We study the limiting equilibrium as ∆ → 0 in order to get a clearer analytic solution

of the equilibrium behavior and present the comparative statics analysis, see Proposition

5.4. Define yL(X) = ( (1−A)(r+ρ0)
ρ0−ρ1

e
r+ρ1−A(r+ρ0)

1−A (X∗−XL) − 1)−1(e
r+ρ1−A(r+ρ0)

1−A (X−XL) − 1). Define

XL = 1
r+ρ0

log(1 + r+ρ0

ρ0−ρ1
γ) > 0.

Proposition 5.4. Under Assumptions 2.1-2.5, 5.2, λ = 0 and breakdown transition rule,

there is a unique Markov perfect equilibrium as ∆→ 0, described as follows:

(1) If X ≥ X∗, then a(X) = 0 and y(X) = 1.

(2) If XL ≤ X < X∗, then a(X) = a∗(X) and y(X) = yL(X).

(3) If 0 ≤ X < XL, then a(X) = 0 and y(X) = 0.

(4) yL(X) and V (X) are increasing in ρ0 and decreasing in ρ1.

(5) XL is decreasing in ρ0 and increasing in ρ1.

Proposition 5.4 characterizes the unique equilibrium that delivers three stages featured by

shirk-work-shirk. Intuitively, if the quality is higher than X∗, the firm exploits the quality

since the demand has already reached the highest level 1 and cannot provide incentives for

firm to invest. If the quality is below XL, the firm has a weak incentive to invest in quality

because if has less to lose from the collapse in quality following a breakdown. If the quality

lies between the above two cutoffs, the firm invests in quality since it is faced with the proper

benefit from investing and enough punishment from not investing.

The cutoff XL is determined so that the firm is indifferent between investing and not

investing. Higher ρ0 and lower ρ1 imply that the firm is more likely to receive a quality

breakdown due to shirking behavior, and thus the firm has strong incentives to invest.
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Consequently, there is a larger region in which the firm invests in quality (lower cutoff XL)

and the demand yL(X) also increases.

5.3. Word-of-Mouth Transition Rule. In previous sections, the buyers have no impact

on the accumulation of quality stock. However, a firm’s marketing strategy today may

not effectively improve its goodwill if the buyers do not buy the product, experience the

good and give high customer ratings to other buyers. In the situation of word-of-mouth

advertisement, it is appropriate to model the transition rule that can be influence also

by the buyers. Specifically, we analyze the equilibrium under the following word-of-mouth

transition rule:

Definition 5.5. A transition rule is an word-of-mouth transition rule: (1) If the buyers do

not buy in state X, then the state rises by ∆ with probability 1/2 and declines by ∆ with

probability 1/2, independent of the firm’s investment choice. (2) If the buyers buy in state

X, then investing will increase the state by ∆ and reduce the state by ∆.

For a tractability solution, we consider an analytic solution of the limiting equilibrium

as ∆ → 0. Proposition 5.6 characterizes the limiting equilibrium under word-of-mouth

transition rule. Define yA(X) is the solution to y′A(X) = r(1−A)
1+A

+ rγ
1+A

1
yA(X)

and yA(X∗) = 1.

Define XA to satisfy yA(XA) = γ
1+A

.

Proposition 5.6. Under Assumptions 2.1-2.5, λ = 0 and word-of-mouth transition rule,

there is a continuum of Markov perfect equilibria in the limit as ∆ → 0 is characterized as

follows: for any Y ∈ (max{XA, 0}, X∗)

(1) 0 ≤ X < Y , a(X) = y(X) = 0.

(2) Y < X ≤ X∗, a(X) = a∗(X) and y(X) = yA(X).

(3) X ≥ X∗, a(X) = 0 and y(X) = 1.

Proposition 5.6 delivers a class of equilibria similar to that in the one-step transition rule.

However, there are a continuum of equilibria, each of which is indexed by a different cutoff

Y between quality-exploitation stage and quality-building stage. The multiplicity is caused

by a self-fulfilling prophecy: the buyer expects the firm not to invest and chooses not to

buy; the firm expects a zero demand which deprives the firm from building a good quality

since the future is independent of the firm’s investment choice, and thus the firm chooses
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not to invest. This reflects the fragility of a firm’s goodwill that is built on word-of-mouth

feedbacks from previous consumers.

The quality-building stage starts at the moment that the buyers decide to trust the firm.

Note that at the threshold Y , there is a discontinuity in the firm’s value functions and

investment incentives. Intuitively, at the state Y , the firm invests with full intensity in order

to protect itself from depreciating to the quality-absorbing stage. As a result, starting from

a state above the cutoff Y , the quality will never reach a level below the cutoff Y , which

means that there is no absorbing state. To summarize, quality dynamics is path-dependent.

6. Conclusion

In this paper, we study quality dynamics in a setting of stochastic games in which quality is

modeled as a state variable. Under the one-step transition rule, the unique Markov perfect

equilibrium is characterized by a quality-building stage, a quality-exploitation stage, and

a possible quality-absorbing stage. Under certain conditions, there is no absorbing state

and quality moves cyclically between the quality-building stage and the quality-exploitation

stage. Therefore, the paper provides a new rationale for permanent quality cycles, in line

with the recent experience of Toyota with the recalls. Furthermore, the result is robust under

different transition rules.

Appendix A. Proofs of Lemmas

For notational convenience, in this section, we use Vk, yk, ak and πk(a, yk) to denote V (k∆),

y(k∆), a(k∆) and π(a, yk, k∆), respectively. We also define πk(a, yk) = π(a, yk) + λk∆yk

as the firm’s stage-game payoffs under demand yk and investment intensity a, at state k∆.

Without loss of generality, we assume that π(0, 1) = 1 and π(0, 0) = 0. Consequently,

π(1, 1) = A− γ and π(1, 0) = −γ.

Lemma A.1: If λ
1−A+γ

< 1−δ
2δ∆

, it is impossible that yk = yk+1 = 1 and the firm weakly

prefers to invest in state k and k + 1, for any k ≥ 0.

Proof. If yk = yk+1 = 1 for some 0 ≤ k ≤ K−2, then Vk = πk(1, 1)+δVk+1 ≥ πk(0, 1)+δVk−1

and Vk+1 = πk+1(1, 1) + δVk+2 ≥ πk+1(0, 1) + δVk. Then, we show that if λ < 1−δ
2δ∆

(1−A+ γ),

then Vk+2 > πk+2(0, 1) + δVk+1.
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Assume by contradiction that Vk+2 ≤ πk+2(0, 1) + δVk+1. Since Vk+1 = πk+1(1, 1) + δVk+2,

then (1 − δ2)Vk+1 ≤ πk+1(1, 1) + δπk+2(0, 1). Therefore, Vk+1 = πk+1(1, 1) + δVk+2 and

Vk = πk(1, 1) + δVk+1 imply that δ(Vk+2−Vk) = (1 + δ)(Vk+1−Vk)− (πk+1(1, 1)−πk(1, 1)) =

(1+ δ)((1− δ)Vk+1−πk(1, 1))−λ∆ ≤ πk+1(1, 1)+ δπk+2(0, 1)− (1+ δ)πk(1, 1)− (πk+1(1, 1)−

πk(1, 1)) = δ(πk+2(0, 1)− πk(1, 1)) = δ(π(0, 1)− π(1, 1) + 2λ∆). If λ < 1−δ
2δ∆

(1−A+ γ), then

δ(Vk+2 − Vk) ≤ δ(π(0, 1) − π(1, 1) + 2λ∆) < π(0, 1) − π(1, 1) = πk+1(0, 1) − πk+1(1, 1), a

contradiction to the fact that the firm invests at state k + 1.

We have shown that Vk+2 > πk+2(0, 1)+δVk+1. Therefore, the firm strictly prefers to invest

at state k + 2 and yk+2 = 1. In total, Vk+2 = πk+2(1, 1) + δVk+3. By induction, we can show

that for all i ≥ k, Vi = πi(1, 1)+δVi+1 ∀i ≥ k. Therefore, Vi+1−Vi−1 = 2λ∆+δ(Vi+2−Vi) =

2λ∆
1−δ <

1
δ
(π(0, 1) − π(1, 1)) = 1

δ
(πi(0, 1) − πi(1, 1)), a contradiction to the fact that the firm

invests at state i ≥ k. The last inequality holds by λ < 1−δ
2δ∆

(1− A+ γ).

�

Lemma A.2: If yk+1 = 0, then yi = 0 for all 0 ≤ i ≤ k.

Proof. Step 1: Prove that y0 < 1.

If y0 = 1, then V0 = π(1, 1) + δV1 ≥ π(0, 1) + δV0. Therefore, V0 ≥ π(0,1)
1−δ . By Lemma A.1,

we know that V1 ≤ π(0, 1)+λ∆+δV0, so V0 = π(1, 1)+δV1 ≤ π(1, 1)+δ(π(0, 1)+λ∆+δV0).

Therefore, (1− δ2)V0 ≤ π(1, 1) + δ(π(0, 1) +λ∆). Then, (1 + δ)π(0, 1) ≤ π(1, 1) + δ(π(0, 1) +

λ∆), which implies that π(0, 1)−π(1, 1) ≤ δλ∆. If ∆ is low enough, we reach a contradiction.

Step 2: If y1 = 0, then y0 = 0.

Assume by contradiction that y0 > 0. By Step 1, 0 < y0 < 1. Therefore, V0 = π(0, y0) +

δV0 = π(1, y0)+δV1. It is trivial that V1 > V0. However, V0 = π(0, y0)+δV0 > π(0, 0)+δV0 =

V1, a contradiction to V1 > V0.

Step 3: If yk+1 = 0 for k ≥ 1, then yk = 0.

Assume by contradiction that yk > 0. By yk+1 = 0, Vk+1 − Vk−1 ≤ δ(Vk − Vk−2). As

Vk+1 − Vk−1 = 1
δ
(πk(0, yk) − πk(1, yk)) > 1

δ
(πk+1(0, yk+1) − πk+1(1, yk+1)) ≥ Vk+2 − Vk, then

Vk+2 − Vk < Vk+1 − Vk−1 < Vk − Vk−2. Therefore, yk−1 > 0 since otherwise Vk+1 − Vk−1 <

Vk−Vk−2 implies that yk = 0, a contradiction. In all, we have yk > 0, yk−1 > 0 and yk+1 = 0.

Therefore, 0 < πk(0, yk) − πk(1, yk) ≤ δ(Vk+1 − Vk−1) ≤ πk+1(0, yk+1) − πk−1(1, yk−1) =

−πk−1(1, yk−1) < 0, a contradiction.
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Step 4: If yk+1 = 0 for k ≥ 1, then yi = 0 for all 0 ≤ i ≤ k.

Use the same argument as in Step 3, we can show by induction that if yk+1 = 0 for k ≥ 1,

then yi = 0 for all 1 ≤ i ≤ k. By Step 2, if y1 = 0, then y0 = 0.

�

Lemma A.3: Define a function Fk(x1, x2) = 1
δ

1−A
1+λk∆

x1 + A+λ(k−2)∆
1+λk∆

x2. For state k ≤ K − 1,

(1) If 0 < yk < 1 and 0 < yk+1 < 1, then zk+1 = Fk+1(zk, zk−1); (2) If yk+1 = 1, then zk+1 ≤

Fk+1(zk, zk−1); (3) If yk+1 = 1 and Vk+2 = π(0, yk+2) + δVk+1, then zk+2 ≥ Fk+2(zk+1, zk).

Proof. Define zk = yk + γ

1−A− δ
1−δ 2λ∆

.

(1) 0 < yk < 1 and 0 < yk+1 < 1. We can show that (1−δ2)Vk = πk(0, yk)+δπk−1(1, yk−1) =

πk(1, yk) + δπk+1(0, yk+1). Therefore, zk+1 = Fk+1(zk, zk−1)

(2) yk+1 = 1. By Lemma A.1, we have 0 < yk < 1. Then, (1 − δ2)Vk = πk(0, yk) +

δπk−1(1, yk−1) ≥ πk(1, yk) + δπk+1(0, yk+1). Therefore, zk+1 ≤ Fk+1(zk, zk−1)

(3) yk+1 = 1 and Vk+2 = πk+2(0, yk+2) + δVk+1. By Lemma A.1, we have 0 < yk < 1.

Then, (1− δ2)Vk+1 = πk+1(1, yk+1) + δπk+2(0, yk+2) ≥ πk+1(0, yk+1) + δπk(1, yk). Therefore,

zk+2 ≥ Fk+2(zk+1, zk).

�

Lemma A.4: If y0 > 0 and λ
1−A+γ

< 1−δ
2δ∆

, then there exists ∆̄ such that for ∆ < ∆̄, the

firm strictly prefers not to invest at state k ≥ K, and 0 < yk < 1 for all 2 ≤ k ≤ K − 1.

Proof. Define z̄ ≡ 1 + γ

1−A− δ
1−δ 2λ∆

as the value of zk if yk = 1.

Step 1: If the firm strictly prefers not to invest at state K and yK−1 < 1, then 0 < yk < 1

for all 2 ≤ k ≤ K − 2.

By lemma A.3(3), zK ≥ FK(zK−1, zK−2). If yK−2 = 1, then zK−2 = z̄ and zK−1 ≤

δ(1 + 2λ∆
1−A)z̄. Since yK−2 = 1, yK−3 < 1 by Lemma A.1. By Lemma A.3(2), zK−2 ≤

FK−2(zK−3, zK−4). Together with zK−4 ≤ z̄, we have zK−3 ≥ δ(1 + 2λ∆
1−A)z̄. By Lemma

A.3(3), zK−1 ≥ FK−1(zK−2, zK−3) ≥ FK−1(z̄, δ(1 + 2λ∆
1−A)z̄) > δ(1 + 2λ∆

1−A)z̄, a contradiction to

zK−1 ≤ δ(1 + 2λ∆
1−A)z̄. In all, we have shown that yK−2 < 1.

Next, we prove by induction that 0 < yk < 1 for all 2 ≤ k ≤ K − 2. Assume yt < 1 for

all t ≥ k. Assume yk−1 = 1, then yk−2 < 1. By Lemma A.3(2), zk−1 ≤ Fk−1(zk−2, zk−3). By

zk−3 ≤ z̄ and zk−1 = z̄, we have zk−2 ≥ δz̄(1 + 2λ∆
1−A). By Lemma A.3, zk ≥ Fk(zk−1, zk−2)
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and zk+1 = Fk+1(zk, zk−1). We can derive that zk+1 > z̄, a contradiction. In all, we have

show that 0 < yk < 1 for all 2 ≤ k ≤ K − 2.

Step 2 : The firm strictly prefers not to invest at state K.

Assume that the firm weakly prefers to invest in state K. By the same logic of Lemma

A.1, the firm strictly prefers not to invest in state K + 1. By Lemma A.3(3), zK+1 ≥

FK+1(zK , zK−1). Then, zK−1 ≤
1− 1

δ
(1−A)+λ(K+1)∆

A+λ(K−1)∆
z̄. Therefore, we have found an upper

bound of zK−1.

Next, we figure out the lower bound of zK−1. If yK−2 < 1, then by the same argument of

Step 1, we have 0 < yk < 1 for all 2 ≤ k ≤ K − 2. Define εi−1 = A+λ(i−2)∆
1+λi∆

1
εi−2

+ 1
δ

1−A
1+λi∆

and

Ai−1 = − 1
εi−2

A+λ(i−2)∆
1+λi∆

, for any i ≤ K. It is trivial that 1 < εK−1 < εK−2 < · · · < ε2 < ε1. By

Lemma A.3(1), for i ≤ K−1, 0 < yk < 1 implies that zi = Fi(zi−1, zi−2) , which implies that

zi − εi−1zi−1 = Ai−1(zi−1 − εi−2zi−2). By Lemma A.3(2), we have zK ≤ FK(zK−1, zK−2), and

thus zK−εK−1zK−1 ≤ AK−1(zK−1−εK−2zK−2) = AK−1AK−2 · · ·A2(z2−ε1z1) ≡ ΠK(z2−ε1z1).

Therefore, zK−1 ≥ 1
εK−1

(z̄ − ΠK(z2 − ε1z1)).

If yK−2 = 1, then by Lemma A.1, we have yK−3 < 1. By the same argument of Step 1,

0 < yk < 1 for all 2 ≤ k ≤ K−3. Therefore,zK−1− εK−2zK−2 = AK−3AK−4 · · ·A2(z2− ε1z1).

By Lemma A.3(3), zK−1 ≥ FK−1(zK−2, zK−3), so zK−1−εK−2zK−2 ≥ AK−2(zK−2−εK−3zK−3).

Also, zK − εK−1zK−1 ≤ AK−1(zK−1 − εK−2zK−2). Therefore, by AK < 0 and AK−1 < 0, we

have zK − εK−1zK−1 ≤ AK−1AK−2(zK−2 − εK−3zK−3) = ΠK(z2 − ε1z1). Therefore, zK−1 ≥
1

εK−1
(z̄ − ΠK(z2 − ε1z1)).

We proceed by analyzing two cases: z̄ > 0 and z̄ < 0.

Case 1: z̄ > 0. Firstly, we claim that 1
εK−1

>
1− 1

δ
(1−A)+λ(K+1)∆

A+λ(K−1)∆
. By εK−1 > εK−2 and

εK−1 = A+λ(K−2)∆
1+λK∆

1
εK−2

+ 1
δ

1−A
1+λK∆

, a sufficient condition of the above claim is that εK−1−1 >

2λ2

CK
∆2, where CK ≡ (1 + λ(K + 1)∆)(1 + λK∆)εK−1 − λ∆(1−A)

δ
. Since εK − 1 = O(∆), it

is trivial that the above inequality holds if ∆ is small enough. Secondly, it is trivial that

ΠK = O(e−∆−1
). Consequently, as ∆ is small enough, 1

εK−1
− 1− 1

δ
(1−A)+λ(K+1)∆

A+λ(K−1)∆
> |ΠK

z2−ε1z1
z̄
|.

To summarize, zK−1 ≤
1− 1

δ
(1−A)+λ(K+1)∆

A+λ(K−1)∆
z̄ < ( 1

εK−1
− |ΠK

z2−ε1z1
z̄
|)z̄ ≤ zK−1, a contradiction.

Case 2: z̄ < 0. Firstly, we show that
1− 1

δ
(1−A)+λ(K+1)∆

A+λ(K−1)∆
> 1, which is equivalent to z̄ < 0.

Secondly, by εK−1 > 1, 1
εK−1

− 1− 1
δ

(1−A)+λ(K+1)∆

A+λ(K−1)∆
= O(∆) < 0. Since ΠK = O(e−∆−1

),

then 1
εK−1

− 1− 1
δ

(1−A)+λ(K+1)∆

A+λ(K−1)∆
< −|ΠK

z2−εz1
z̄
|. To summarize, zK−1 ≤

1− 1
δ

(1−A)+λ(K+1)∆

A+λ(K−1)∆
z̄ <

( 1
εK−1

+ |ΠK
z2−εz1
z̄
|)z̄ ≤ zK−1, a contradiction.



STOCHASTIC QUALITY CYCLES 27

Step 3 : yK−1 < 1.

Assume that yK−1 = 1. We have shown that the firm strictly prefer not to invest at state

K in Step 2. By the same logic as in Step 2, we will reach a contradiction by showing that

the upper bound of zK−2 is lower than the lower bound of zK−2, given that ∆ is low enough.

Step 4 : The firm strictly prefers not to invest in state k, where k ≥ K + 1.

Assume that the firm weakly prefers to invest in state k where k ≥ K+1. By Lemma A.1,

the firm strictly prefers not to invest in state k+1. Therefore, we can show that (1−δ2)Vk =

πk(1, 1) + δπk+1(0, 1) ≥ πk(0, 1) + δπk−1(1, 1), which contradicts to λ < 1−δ
2δ∆

(1− A+ γ).

�

Lemma A.5: If λ
1−A+γ

> 1−δ
2δ∆

, then ak = 1 for all k ≥ 1.

Proof. Step 1: ak = 1 for k ≥ K.

Assume by contradiction that ak 6= 1 for a certain k ≥ K. First, we prove that if

ak 6= 1 for a certain k ≥ K, then ai 6= 1 for all i ≤ k. Since ak 6= 1 for a certain

k ≥ K, then Vk = πk(0, 1) + δVk−1 ≥ πk(1, 1) + δVk+1. We will prove that ak−1 6= 1.

Assume that ak−1 = 1, then Vk−1 = πk−1(1, yk−1) + δVk ≥ πk−1(0, yk−1) + δVk−2. Therefore,

Vk = πk(0,1)+δπk−1(1,yk−1)

1−δ2 . There are two cases: (1) ak+1 = 1. Then, Vk+1 = πk+1(1, 1)+δVk+2.

Hence, Vk+1 − Vk−1 ≥ 2λ∆ + δ(Vk+2 − Vk). By Vk+1 − Vk−1 ≤ 1−A+γ
δ

(due to ak 6= 1) and

λ > 1−δ
2λ∆

(1− A + γ), we derive that δ(Vk+2 − Vk) < 1− A + γ, a contradiction to ak+1 = 1.

(2) ak+1 6= 1. Then, Vk+1 = πk+1(0, 1) + δVk. Consequently, Vk ≥ πk(1,1)+δπk+1(0,1)

1−δ2 . Together

with Vk = πk(0,1)+δπk−1(1,yk−1)

1−δ2 , it is true that πk(0, 1) + δπk−1(1, yk−1) ≥ πk(1, 1) + δπk+1(0, 1),

which implies that λ ≤ 1−δ
2δ∆

(1−A+γ), a contradiction. In all, we have shown that ak−1 6= 1.

By induction, ai 6= 1 for all i ≤ k.

Second, show that if aK 6= 1, then aK−1 = yK−1 = 0. It is enough to show that aK−1 = 0.

Assume by contradiction that VK−1 = πK−1(1, yK−1) + δVK ≥ πK−1(0, yK−1) + δVK−2. Since

VK = πK(0, 1) + δVK−1 ≥ πK(1, 1) + δVK+1, then VK = πK(0,1)+δπK−1(1,yK−1)

1−δ2 . Since VK+1 =

πK+1(0, 1) + δVK , then VK ≥ πK(1,1)+δπK+1(0,1)

1−δ2 . Therefore, πK(0, 1) + δπK−1(1, yK−1) ≥

πK(1, 1) + δπK+1(0, 1), which implies that λ ≤ 1−δ
2δ∆

(1 − A + γ), a contradiction. Therefore,

aK−1 = 0 and thus yK−1 = 0 and VK−1 = πK−1(0, 0) + δVK−2 > πK−1(1, 0) + δVK .
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Third, we claim that if aK 6= 1, then ak = yk = 0 for all 0 ≤ k ≤ K−1. Prove by induction.

Assume that ak = yk = 0 for i + 1 ≤ k ≤ K − 1, we need to prove that ai = yi = 0.

Assume by contradiction that Vi = πi(1, yi) + δVi+1. By induction hypothesis, Vi+1 =

πi+1(0, 0)+δVi = δVi, then Vi+1 = δπi(1,yi)
1−δ2 . By Step 2, we know that VK−1 > πK−1(1, 0)+δVK

and VK = πK(0, 1) + δVK−1. Therefore, VK−1 ≥ πK−1(1,0)+δπK(0,1)

1−δ2 . By induction hypothesis,

Vi+1 = δ−(K−i−2)VK−1 ≥ VK−1. In all, πK−1(1, 0) + δπK(0, 1) ≤ δπi(1, yi), and thus γ =

−πK−1(1, 0) ≥ δ(πK(0, 1) − πi(1, yi)) ≥ δ(1 − A + γ + (K − i)λ∆), a contradiction to

K − i ≥ 2 and λ ≥ 1−δ
2δ

(1− A+ γ).

Finally, we reach a contradiction. Since a0 = y0 = 0, then V0 = π0(0, 0) + δV0, which

implies that V0 = 0. Consequently, Vk = 0 for all 0 ≤ k ≤ K − 1. Furthermore, VK =

πK(0, 1) and VK+1 = πK+1(0, 1) + δπK(0, 1). Therefore, it is trivial to show that for i ≥ 2,

δ(VK+i − VK+i−2) = δ(2i− 1 + 2δK)λ∆ > 1− A+ γ if i is large enough, a contradiction to

aK+i−1 6= 1.

Step 2: aK−1 = 1.

Assume by contradiction that aK−1 6= 1. Then, VK−1 = πK−1(0, yK−1) + δVK−2 ≥

πK−1(1, yK−1) + δVK . We will prove that ai = yi = 0 for all 0 ≤ i ≤ K − 2.

First, show that aK−2 = 0. Assume by contradiction that aK−2 6= 0. Then, VK−2 =

πK−2(1, yK−2) + δVK−1 ≥ πK−2(0, yK−2) + δVK−3. Therefore, VK − VK−2 = πK(1, 1) −

πK−2(1, yK−2)+δ(VK+1−VK−1) ≥ 2λ∆+δ(VK+1−VK−1) ≥ 2λ∆+1−A+γ > 1
δ
(1−A+γ),

a contradiction to aK−1 6= 1.

Next, show that ak = 1 for all 0 ≤ k ≤ K−3. Assume by contradiction that m ≤ K−3 is

the largest state such that am 6= 0. Therefore, Vm = πm(1, ym)+δVm+1 ≥ πm(0, ym)+δVm−1.

Therefore, by am+1 = 0, then Vm+1 = πm+1(0, 0) + δVm and thus Vm = πm(1,ym)
1−δ2 . Moreover,

VK−1−Vm = πK−1(0, yK−1)−πm(1, ym)+δ(VK−2−Vm+1). Since ai = 0 for all m+1 ≤ K−2,

then Vi = πi(0, 0) + δVi+1 = δVi+1. Hence, VK−2 − Vm+1 ≤ 0 and hence VK−1 − Vm ≤

πK−1(0, yK−1) − πm(1, ym). Together with VK−1 ≥ πK−1(1, yK−1) + δVK , VK > πK(1,1)
1−δ and

Vm = πm(1,ym)
1−δ2 , we derive that δ πK(1,1)

1−δ ≤ πK−1(0, yK−1)−πK−1(1, yK−1)+ δ2πm(1,ym)
1−δ2 ≤ 1−A+

γ+ δπm(1,ym)
1−δ < 1−A+γ+ δπm(1,1)

1−δ , and consequently 2λ∆ ≤ (K−m)λ∆ = πK(1, 1)−πm(1, 1) <

1−δ
δ

(1− A+ γ), a contradiction to λ > 1−δ
δ∆

(1− A+ γ).

Finally, we reach a contradiction. Since a0 = 0, then V0 = 0 and VK−2 = 0. Since

aK−1 6= 1, then δVK = δ(VK − VK−2) ≤ πK−1(0, yK−1) − πK−1(1, yK−1) ≤ 1 − A + γ.
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However, δVK > δπK(1,1)
1−δ > 1 − A + γ, a contradiction. Notice that we use VK > πK(1,1)

1−δ ,

K ≥ 2, λ > 1−δ
2∆δ

(1− A+ γ) to prove the above inequalities.

Step 3: ak = 1 for 1 ≤ k ≤ K − 2.

By Step 2, aK−1 = 1. Therefore, yK−1 = 1. By the same argument as in Step 2, it is true

that aK−2 = yK−2 = 1. Actually, by induction, it is true that ak = 1 for 1 ≤ k ≤ K − 2.

�

Appendix B. Proofs in Section 3

Proof of Theorem 3.1:

Proof. Lemma A.5 proves that ak = 1 for any k ≥ 1. Hence, we only need to check the

equilibrium at state 0. First, we prove that a0 ≥ a∗(0). Otherwise a0 < a∗(0) and hence

y0 = 0 and V0 = π0(0, 0) + δV0 = 0. Consequently, V1 − V0 ≤ 1
δ
(π0(0, 1) − π0(1, 1)) = γ

δ
,

and V1 = A−γ+λ∆
1−δ + δλ∆

(1−δ)2 ≤ γ
δ
. By λ > 1−δ

2δ∆
(1 − A + γ), the above inequality implies that

δ < A+γ−1
2A

, a contradiction.

There are two cases to study: a0 = 1 and a∗(0) ≤ a0 < 1: (1) If a0 = 1, then a0 = y0 = 1,

and thus V0 = π0(0, 1) + δV1. Therefore, V0 = A−γ
1−δ + δ∆λ

(1−δ)2 , and then δ(V1 − V0) = δ λ∆
1−δ .

Since a0 = 1 is the optimal choice of the firm, then δ(V1 − V0) ≥ 1 − A + γ. Therefore,

λ ≥ 1−δ
δ∆

(1 − A + γ). (2) If a0 < 1, then V0 = π0(1, y0) + δV1 = π0(0, y0) + δV0, then

δ(V1 − V0) = δ((1 − δ)V1 − π0(1, y0)) = δ((1 − A)y0 + λ∆
1−δ ) = (1 − A)y0 + γ. Therefore,

y0 =
A+ λ∆

1−δ−
γ
δ

A+ 1−A
δ

. To guarantee that 0 < y0 < 1, we need λ < 1−δ
δ∆

(1 − A + γ) and δ > A+γ−1
2A

.

Moreover, since 0 < y0 < 1, we get a0 = a∗(0). Notice that if λ = 1−δ
δ∆

(1 − A + γ), then

y0 = 1 and a0 ≥ a∗(0).

To summarize, we have figured out the only strategy profile that could be the equilibrium.

Next, we need to check that it is indeed the equilibrium.

First, we prove that if a0 ≥ a∗(0) and y0 ≥ 0, then it is an equilibrium that ak = yk = 1

for k ≥ 1. For k ≥ 1, ak = 1 implies that yk = 1. Next, we prove that it is an equilibrium

that ak = 1 for all k ≥ 1. In the equilibrium, Vk = πk(1, 1) + δVk+1 for any k ≥ 1. The

solution is Vk = A−γ+k∆λ
1−δ + δ∆λ

(1−δ)2 for k ≥ 1. By a0 ≥ a∗(0) and y0 ≤ 1, V0 ≤ π0(1, 1) + δV1 =

A−γ
1−δ + δ∆λ

(1−δ)2 . Therefore, for any k ≥ 1, δ(Vk+1 − Vk−1) ≥ 2λδ∆
1−δ ≥ 1 − A + γ, which implies

πk(1, 1) + δVk+1 ≥ πk(0, 1) + δVk−1. Consequently, ak = 1 is the firm’s optimal choice for

k ≥ 1.
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Next, we prove that if ak = yk = 1 for k ≥ 1, then a0 ≥ a∗(0) and y0 ≥ 0 is an

equilibrium. Specifically, there are two cases: (1) If λ ≥ 1−δ
δ∆

(1−A+ γ), then a0 = y0 = 1 is

an equilibrium. The equilibrium value V0 = π0(0, 1)+δV1. Therefore, V0 = A−γ
1−δ + δ∆λ

(1−δ)2 , and

then δ(V1−V0) = δ λ∆
1−δ > 1−A+γ, which means that a0 = 1 is the optimal choice of the firm.

(2) If λ < 1−δ
δ∆

(1−A+γ), then it is an equilibrium that a0 = a∗(0) and y0 =
A+ λ∆

1−δ−
γ
δ

A+ 1−A
δ

∈ (0, 1).

The equilibrium value is V0 = π0(1, y0)+δV1. Therefore, δ(V1−V0) = δ((1−δ)V1−π0(1, y0)) =

δ((1 − A)y0 + λ∆
1−δ ) = (1 − A)y0 + γ. The last equation holds by y0 =

A+ λ∆
1−δ−

γ
δ

A+ 1−A
δ

. Therefore,

π0(1, y0) + δV1 ≥ π0(0, y0) + δV0, which implies that a0 = a∗(0) is an optimal choice of the

firm.

�

Proof of Theorem 3.2:

Proof. Step 1: Show the uniqueness of non-absorbing equilibrium: y0 > 0.

By Lemma A.4, there exists some ∆̄ > 0 such that if ∆ < ∆̄, then a(k∆) = 1 and yk = 1

for k ≥ K; a(k∆) = a∗(k∆) and 0 < yk < 1 for all 2 ≤ k ≤ K − 1.

In order to solve for yk for any 1 ≤ k ≤ K − 1, there are two cases to consider: y1 = 1

and y1 < 1. (1) y1 < 1. By lemma A.3(1), for any 1 ≤ k ≤ K − 1, zk+1 = 1
δ

1−A
1+λ(k+1)∆

zk +

A+λ(k−1)∆
1+λ(k+1)∆

zk−1. Furthermore, y1 = 1
1+λ∆

(1
δ
(1− A) + 1)y0 + γ

δ
). By zK = z̄, there is a unique

solution for {zk}Kk=0. (2) y1 = 1. For any 2 ≤ k ≤ K−1, zk+1 = 1
δ

1−A
1+λ(k+1)∆

zk+A+λ(k−1)∆
1+λ(k+1)∆

zk−1.

Furthermore, z1 = z̄. Together with zK = z̄, there is a unique solution for {zk}Kk=0.

Step 2: Show the uniqueness of a absorbing equilibrium: y0 = 0.

Define n ≥ 1 as the smallest state such that yn > 0. Therefore, yk = 0 for all 0 ≤ k ≤ n−1.

Then, Vk = π(0,0)
1−δ for all 0 ≤ k ≤ n−1. Moreover, Vn = πn(0, yn)+δVn−1 = πn(1, yn)+δVn+1

and Vn+1 = πn+1(0, yn+1) + δVn = πn+1(1, yn+1) + δVn+2. Therefore, yn+1 = (1
δ
(1 − A) −

δ)yn + γ
δ
− λ∆(1 + (1 + δ)n). Combined with zk+1 = 1

δ
1−A

1+λ(k+1)∆
zk + A+λ(k−1)∆

1+λ(k+1)∆
zk−1 for

n+ 1 ≤ k ≤ K − 1 and zK = z̄, there is a unique solution zk for n ≤ k ≤ K − 1.

�

Proof of Proposition 3.3:

Proof. We normalize the firm’s stage-game payoff π(a, y,X) to (1− δ)π(a, y,X), in order to

compute the limit of the firm’s value function V (X).
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If X > X∗, then a(X) = 0 and y(X) = 1. In all, V (X) = (1−δ)(y+λXy)+δV (X−∆) ≥

(1−δ)(Ay−γ+λXy)+δV (X+∆). Since y = 1, then in the limit, rV (X) = r(1+λX)−V ′(X).

The solution is V (X) = 1− λ
r

+λX−C1e
−rX . Moreover, V ′(X) = r

2
(1−A+ γ) for X = X∗.

Therefore, V (X) = 1− λ
r

+ λX − (1−A+γ
2
− λ

r
)er(X

∗−X).

If X ≤ X∗, the firm is indifferent between investing or not, and thus the firm’s value

function satisfies V (X) = (1 − δ)(Ay − γ + λXy) + δV (X + ∆) = (1 − δ)(y + λXy) +

δV (X − ∆). Therefore, δ(V (X + ∆) − V (X − ∆)) = (1 − δ)((1 − A)y + γ). In the limit,

V ′(X) = r
2
((1 − A)y + γ) and rV (X) = r[A+λX

1−A (2V ′(X)
r
− γ) − γ] + V ′(X). Combing the

above two equations, we get r(V (X) + 1+λX
1−A γ) = 1+A+2λX

1−A V ′(X). The solution is V (X) =

C2(1+ 2
1+A

λX)
r(1−A)

2λ − γ
1−A+ λγ

2λ−r(1−A)
(1+A

1−A+rX). By the boundary condition that y(X∗) = 1

and V ′(X∗) = r
2
(1− A+ γ), we get C2 = 1+A

2

λ− r
2

(1−A+γ)

λ− r
2

(1−A)
(1 + 2λX∗

1+A
)1− r(1−A)

2λ . Therefore,

y(X) = y∗(X) ≡ 1−
λ− r

2
(1− A+ γ)

λ− r
2
(1− A)

(1− (
1 + A+ 2λX

1 + A+ 2λX∗
)
r(1−A)

2λ
−1).

Moreover, V (X) = (1+A
2

+ λX)y∗(X) − γ
2
. Notice that (1) if λ = r(1−A)

2
, then y∗(X) =

1− λ− r
2

(1−A+γ)

λ
ln 1+A+2λX

1+A+2λX∗
, (2) if λ = 0, then y∗(X) = e−r

1−A
1+A

(X∗−X)(1 + γ
1−A)− γ

1−A .

Next, we check the condition that non-absorbing equilibrium exists, i.e, V (0) > 0. There-

fore, we need X < 0, where X satisfies V (X) = 0. Since V (X) = (1+A
2

+ 2αX)y∗(X) − γ
2
,

then X satisfies y∗(X) = γ
1+A+2αX

. If X > 0, then for X ≥ X, the equilibrium is described

by the non-absorbing equilibrium above. For 0 < X < X, a(X) = y(X) = 0.

�

Proofs of Corollary 3.4 and Corollary 3.5:

Proof. Step 1: y(X) is decreasing in r and γ, and increasing in A and λ; y′(X)
y(X)

is increasing

in r and γ, and decreasing in A and λ.

Since V (X) = (1+A
2

+λX)y(X)−γ
2
, then V ′(X) = (1+A

2
+λX)y′(X)+λy(X). Together with

the firm’s indifference condition V ′(X) = r
2
((1−A)y(X)+γ), we get y′(X) = r(1−A)−2λ

1+A+2λX
y(X)+

rγ
(1+A+2λX)

. Define g(X) = ln(y(X)). Therefore, g′(X) = r(1−A)−2λ
1+A+2λX

+ rγ
(1+A+2λX)

e−g(X) ≡

G(r, γ, A, λ, g(X)). It is trivial to show that G(·) is increasing in r and γ, and decreasing in

A, λ and g(X).

We prove that g(X) is decreasing in r and g′(X) is increasing in r. Redefine g(X) as

g(X, r) to capture the dependence of g(X) on r. First, we prove that g(X, r′) < g(X, r) for all
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X < X∗, if r′ > r. Since G(·) is increasing in r and g(X∗, r′) = g(X∗, r) = 0, then g′(X, r′) >

g′(X, r) at X = X∗. Therefore, at the neighbourhood of X∗, g(X, r′) < g(X, r) holds. As-

sume by contradiction there exists some state X ∈ (0, X∗) at which g(X, r′) ≥ g(X, r), then

g(X, r′) = g(X, r) at some state X̃ ∈ (0, X∗), and X̃ is the largest X to satisfy this condi-

tion. Therefore, by the definition of X̃, g(X, r′) < g(X, r) for X ∈ (X̃,X∗). Consequently

g′(X̃, r′) < g′(X̃, r). However, g′(X̃, r′) = G(r′, γ, A, λ, g(X̃, r′)) = G(r′, γ, A, λ, g(X̃, r)) >

G(r, γ, A, λ, g(X̃, r)) = g′(X̃, r), a contradiction. Second, we prove that g′(X) is increasing

in r. Since g′(X) = G(r, γ, A, λ, τ(X)), then dg′(X)
dr

= ∂G
∂r

+ ∂G
∂g(X)

∂g(X)
∂r

. Together with ∂G
∂r
> 0,

∂G
∂g(X)

< 0 and ∂g(X)
∂r

< 0, we have dg′(X)
dr

> 0.

Finally, by applying the same argument as above, we derive that τ(X) is decreasing in r

and γ, and increasing in A and λ; τ ′(X) is increasing in r and γ, and decreasing in A and

λ. Notice that the results hold since y′(X)
y(X)

= τ ′(X).

Step 2: V (X) is decreasing in r and γ, and increasing in A and λ.

Since V (X) = (1+A
2

+ λX)y∗(X) − γ
2
, then by Step 1, it follows that V (X) is decreasing

in r and γ, and increasing in A and λ.

Step 3: X is increasing in r and γ, and decreasing in A and λ.

By the definition of X, V (X) = 0. Since V (X) is increasing in X, then the result follows

by by implicit function theorem and Step 2.

Step 4: a∗(X) and X∗ are increasing in λ.

Since u(a, y,X) is decreasing λ, then a∗(X) and X∗ are increasing in λ.

�

Appendix C. Proofs in Section 4

Proof of Theorem 4.1:

Proof. We first check the case that α < r
2
(1− A + γ). We only focus on the non-absorbing

equilibrium: y(X) > 0 for all X ≥ 0. Define µ(X) = 1+λ∗(X)X
1+αX

= 1+α(X−τ0)
1+αX

.

Step 1: We construct an equilibrium and compute the equilibrium payoffs.

At state X > τ , a(X) = 0 and y(X) = 1. Therefore, V (X) = (1− δ)(y+ λXy) + δV (X −

∆) ≥ (1− δ)(Ay− γ + λXy) + δV (X + ∆). The firm chooses λ = λ∗(X) = α(X−τ0)
X

to make

the firm indifferent between buying or not. Since y(X) = 1, then in the limit, rV (X) = r(1+
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λ∗(X)X) = r(1+α(X−τ0))−V ′(X). Consequently, α− r
2
((1−A)y(X)+γ)− 1−A

2
y′(X) = 0

for X > τ , where y(X) satisfies V ′(X) = r
2
((1− A)y(X) + γ).

If X ≤ τ , both the firm and the buyers play mixed strategies. The firm’s choice of λ does

not influence the continuation payoff in the next period. Also, the firm chooses λ = α. In

the limit, we solve for y(X) and V (X) in the same way as in Section 3. Specifically, y(X)

satisfies (1+A
2

+αX)y′(X) = ( r(1−A)
2
−α)y(X) + rγ

2
for X < τ . With the boundary condition

that y(τ) = µ(τ). The solution is y(X) = (µ(τ)− rγ
2α−r(1−A)

)(1+A+2αX
1+A+2ατ

)
r(1−A)
α
−1 + rγ

2α−r(1−A)
.

Step 2: The optimal condition of λ is as follows: y(X) ≤ µ(X) if and only if X ≥ τ , where

y(X) satisfies V ′(X) = r
2
((1− A)y(X) + γ).

First, at state X > τ , the optimal condition of λ is equivalent to y(X) ≤ µ(X). If the

firm deviates to λ < λ∗(X), then the demand is at most y(X) = 1. Consequently, it is not a

profitable deviation. If the firm deviates to λ > λ∗(X), then in order for the demand be to

still positive, the firm needs to invest with positive probability. Consequently, the demand

is y(X) ∈ (0, 1), which satisfies V ′(X) = r
2
((1−A)y(X) + γ). Furthermore, the firm chooses

the highest possible price λ = α. To prevent the deviation λ = α from being profitable,

1 + λ∗(X)X ≥ (1 + αX)y(X), which is y(X) ≤ µ(X).

Second, at state X < τ , the optimal condition of λ is equivalent to y(X) ≥ µ(X). We look

at a deviation λ < α. If the firm chooses to invest with positive probability, then the new

demand is at most y(X), and hence this is not a profitable deviation. If the firm chooses not

to invest, then in order to guarantee full demand, the firm chooses λ ≥ λ∗(X). The most

profitable deviation is that λ = λ∗(X) and y(X) = 1. To prevent this deviation from being

profitable, we need 1 + λ∗(X)X ≤ (1 + αX)y(X), which is y(X) ≥ µ(X).

Step 3: The optimality condition of λ holds if and only if τ = max{τ0, H
−1(0)}, where

H(X) ≡ α− r
2
((1− A)µ(X) + γ)− 1−A

2
µ′(X).

We start with the “only if” part. We have know from Step 1 that α − r
2
((1 − A)y(X) +

γ) − 1−A
2
y′(X) = 0 for X ≥ τ and (1+A

2
+ αX)y′(X) = r

2
((1 − A)y(X) + γ) − αy(X) for

X ≤ τ .

The first observation is that τ ≥ τ0. Assume the contrary that τ < τ0. Then, for

X ∈ (τ, τ0), it is impossible that a(X) = 0 and y(X) = 1, since the buyers’ best response of

a(X) = 0 is y = 0 even if the firm chooses the lowest price λ = 0. The second observation

is that y(τ) = µ(τ), which is implied by the value matching condition of V (X) at X = τ .
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Next, if τ > τ0, then we prove H(τ) = 0 by showing y′(τ) = µ′(τ). We know that

(1+A
2

+ατ)y′(τ−) = r
2
((1−A)y(τ)+γ−αy(τ) = α− 1−A

2
y′(τ+)−αy(τ). If y′(τ+) > y′(τ−),

then (1+ατ)y′(τ−) > α(1−y(τ)) = α(1−µ(τ)) = (1+ατ)µ′(τ), which implies that y(τ−) <

µ(τ−), a contradiction to optimality condition. If y′(τ+) < y′(τ−), then (1 + ατ)y′(τ+) <

α(1−y(τ)) = α(1−µ(τ)) = (1+ατ)µ′(τ), which implies that y(τ+) > µ(τ+), a contradiction

to the optimality condition. In all, the only possible case is that y′(τ+) = y′(τ−) = y′(τ),

and consequently (1 +ατ)y′(τ) = α(1− y(τ)) = α(1−µ(τ)) = (1 +ατ)µ′(τ), which leads to

y′(τ) = µ′(τ).

Finally, if τ = τ0, then we prove H(τ) ≤ 0 by showing that y′(τ) ≤ µ′(τ), which holds

since otherwise y′(τ) > µ′(τ) and y(τ) = µ(τ) imply y(τ+) > µ(τ+), which contradicts to

the optimality condition.

We continue with the “if” part. There are two case:

(1) If H(τ0) > 0, then let τ = H−1(0) > τ0. We first prove that y(X) < µ(X) for X > τ .

By H ′(X) < 0, we have α− r
2
((1−A)µ(X)+γ)− 1−A

2
µ′(X) ≤ 0 for all X ≥ τ . Moreover, we

have shown in Step 1 that α− r
2
((1−A)y(X) + γ)− 1−A

2
y′(X) = 0 for all X > τ . It is easy

to show that y(X) and µ(X) satisfy a single-crossing condition for X ≥ τ : y(X) < µ(X) for

X = τ and y(X) < µ(X) for X > τ .

Next, we prove that y(X) > µ(X) for τ0 < X < τ . We know that (1+A
2

+ αX)y′(X) =

( r(1−A)
2
− α)y(X) + rγ

2
and (1 +αX)µ′(X) = α(1− µ(X)). By H(τ) = 0 and y(τ) = µ(τ), it

can be shown that µ′(τ) > y′(τ). Therefore, µ(τ−) < y(τ−). It follows that µ(X) < y(X)

for any X ∈ (τ0, τ). Otherwise, we assume that µ(X) = y(X) for some X∗∗ ∈ (τ0, τ) and it

is the biggest state to satisfies that. Therefore, it is trivial that µ′(X∗∗) < y′(X∗∗). However,

H(X∗∗) > 0 and y(X∗∗) = µ(X∗∗) imply µ′(X∗∗) > y′(X∗∗), a contradiction.

(2) If H(τ0) ≤ 0, then let τ = τ0. We first prove that y(X) < µ(X) for X > τ . This

follows by the same logic as above. Next, we prove that λ = α is the firm’s dominant choice.

Assume the contrary. In order for the firm to choose λ < α, the demand under λ < α

is higher than the equilibrium demand under λ = α. Since the equilibrium demand under

λ = α makes the firm indifferent between investing or not, then by submodularity, the higher

demand makes the firm choose not to invest, and thus the buyer’s best response is y(X) = 0,

a contradiction.

Step 4: The constructed equilibrium is the only monotonic Markov perfect equilibrium.
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The first observation is that it is impossible that y(X) ∈ (0, 1) for all X > 0. Otherwise,

the firm’s optimal choice is that α(X) = α. However, the solution

Assume that X̃ is the smallest state at which the demand reaches 1. Let us first study the

equilibrium at state X ≥ X̃. By monotonicity, y(X) = 1 for all X ≥ X̃. Since there cannot

be two consecutive state with full demand if X < X∗, then we have X̃ ≥ X∗. Moreover, it is

impossible that the firm weakly prefers to invest for X > X̃. Assume by the contrary that

at state k∆ > X̃, the firm weakly prefers to invest, and hence λ = α at state k∆. by Lemma

A.1, the firm does not invest at state (k+1)∆. Therefore, (1−δ2)Vk = πk(1, 1)+δπk+1(0, 1) ≥

πk(0, 1) + δπk−1(1, 1), which contradicts to α < 1−δ
2δ∆

(1−A+ γ) (which is α < r
2
(1−A+ γ) in

the limit), a contradiction. To summarize, a(X) = 0 and y(X) = 1 for X > τ . A corollary

is that λ = λ∗(X) to guarantee that y(X) = 1.

Next, we analyze the equilibrium at at state X < X̃. By the definition of X̃, we have

y(X) ∈ (0, 1) for X < X̃. Moreover, the optimal choice is λ = α. We check the firm’s

deviation to λ < α. In order for the deviation to be profitable, the demand under λ < α

is higher than the equilibrium demand under λ = α. Since the equilibrium demand under

λ = α makes the firm indifferent between investing or not, then by submodularity, the higher

demand makes the firm choose not to invest, and thus the buyer’s best response is y(X) = 0,

a contradiction. In all, λ < α is not a profitable deviation.

Finally, Step 3 guarantees that X̃ = τ .

Step 5: We check the condition that determines whether there is an absorbing state.

There is no absorbing state if and only if V (0) ≥ 0. From above analysis, we know that

V (0) ≥ 0 is equivalent to y∗(0) > γ
1+A

. Define τ such that y∗(τ) = γ
1+A+2ατ

. It is trivial that

y∗(0) > γ
1+A

is equivalent to τ < 0. On the contrary, if τ ≥ 0, then y∗(0) ≤ γ
1+A

. For X > τ ,

the equilibrium is described by non-absorbing equilibrium.

�

Appendix D. Proofs in Section 5

Proof of Proposition 5.2:

Proof. Step 1: We study the non-absorbing equilibrium: y(0) > 0.

For X > X∗, V (X) = (1 − δ) + δ((1 − p)V (X − ∆) + pV (X + ∆)). Let ∆ → 0,

then (1 − 2p)V ′(X) = r(1 − V (X)), thus V (X) = π(0, 1) − C2e
− r

1−2p
X . By boundary
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condition y(X∗) = 1 and V ′(X∗) = r
2(1−p−q)(1− A + γ), we get V (X) = 1− (1−A)(1−2p)

2(1−p−q) (1 +

γ
1−A)e−

r
1−2p

(X−X∗) for X > X∗.

If 0 < X < X∗, the firm is indifferent between investing or not: V (X) = (1 − δ)y(X) +

δ(pV (X+∆)+(1−p)V (X−∆)) = (1−δ)(Ay(X)−γ)+δ(qV (X−∆)+(1−q)V (X+∆)). Let

∆→ 0, V ′(X) = r 1−A
1−2q+(1−2p)A

(V (X)+ γ
1−A). Therefore, V (X) = Cer

1−A
1−2q+(1−2p)A

X− γ
1−A . By

the boundary condition that y(X∗) = 1 and V ′(X∗) = r(1−A+γ)
2(1−p−q) , we have C = 1−2q+(1−2p)A

2(1−p−q) (1+

γ
1−A) and consequently, y(X) = e−r

1−A
1−2q+(1−2p)A

(X∗−X)(1 + γ
1−A) − γ

1−A . Moreover, V (X) =

1−2q+(1−2p)A
2(1−p−q) (1+ γ

1−A)e−r
1−A

1−2q+(1−2p)A
(X∗−X)− γ

1−A for 0 < X < X∗. Notice that lim∆→0M∆→

0, then the equilibrium behavior at state 0 < X < M∆ can be ignored as ∆→ 0.

Step 2: We study the absorbing equilibrium: y(0) = 0.

Define Xpq ≡ lim∆→0Kpq∆. If Xpq < X < X∗, the result is the same as in the non-

absorbing equilibrium. If 0 < X < Xpq, then a(X) = y(X) = 0. Next, we need to figure out

V (X) for 0 ≤ X < Xpq. For 0 ≤ i∆ ≤ Xpq, Vi = δ(pVi+1+(1−p)Vi−1). Therefore, δ(p(Vi+1−

Vi−1)− (1− p)(Vi−Vi−1)) = (1− δ)Vi ≥ 0. Therefore, Vi+1−Vi ≥ 1−p
p

(Vi−Vi−1). Moreover,

At state 0, V0 = δ(pV0 +(1−p)V0), and thus V1−V0 = 1−δ
δp
V0. In all, Vi+1−Vi ≥ (1−p

p
)i 1−δ

δp
V0.

Hence, if V (0) > 0, for any X > 0, lim∆→0 V (X + ∆)− V (X) ≥ lim∆→0(1−p
p

)
X
∆
er∆−1
p

V (0) =

∞, a contradiction. Therefore, V (0) = 0 in the limit. Consequently, V (X) = 0 for any

0 < X < X∗ − X̂pq.

Step 3: Determine Xpq.

It is trivial that Xpq satisfies V (Xpq) = 0 which is equivalent to y∗pq(Xpq) = (1−2p)γ
1−2q+(1−2p)A

.

Step 4: Comparative Statics.

Simple calculus shows that y∗pq and V (X) is decreasing in p and q. Since V (Xpq) = 0 and

V (X) is decreasing in X∗, p and q. Implicit function theorem implies that Xpq is increasing

in p and q.

�

Proof of Proposition 5.4:

Proof. We construct an equilibrium in this proof. See the Online Appendix for the uniqueness

of the equilibrium. Denote V (k∆) and y(k∆) as Vk and yk for notational convenience. We

normalize the stage game payoff by replacing π(a, y,X) by (1− δ)π(a, y,X) in order to take

the limit ∆→ 0.
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For X ≥ X∗, a(X) = 0 and y(X) = 1. Therefore, Vk = (1−δ)+δ((1−ρ0∆)Vk+1 +ρ0∆V0)

and Vk = Vk+1. In the limit, V (X) = r+ρ0V0

r+ρ0
for X ≥ X∗.

For X ∈ (0, XL), we can show that Vk − Vk−1 = (δp)−(k−1)(V1 − V0) = (δp)−k(1− δ)V0. In

the limit, V (X) = ( r
r+ρ0

e(r+ρ0)X + ρ0

r+ρ0
)V (0) for X ∈ (0, XL).

For X ∈ (XL, X
∗), the firm invests with probability a∗(X) and the demand is such that

the firm is indifferent between buying and not buying. For any k∆ > XL, we have Vk =

(1−δ)yk+δ((1−ρ0)Vk+1 +ρ0∆V0) = (1−δ)(Ayk−γ)+δ((1−ρ1∆)Vk+1 +ρ1∆V0). Therefore,

Vk+1 − V0 = (1−δ)((1−A)yk+γ)
δ(ρ0−ρ1)∆

and Vk − V0 = (1 − δ)yk − (1 − δ)V0 + δ(1 − ρ0∆)(Vk+1 − V0).

Together with (1−δ)V0 = δp(V1−V0), we get yk = 1−A
δ(1−ρ1∆−(1−ρ0∆)A)

yk−1+ 1−δ(1−ρ0∆)
δ(1−ρ1∆−(1−ρ0∆)A)

γ+

(ρ0−ρ1)∆
1−ρ1∆−(1−ρ0∆)A

V0. In the limit, we have

y′(X) =
r + ρ1 − A(r + ρ0)

1− A
y(X) +

r + ρ0

1− A
γ +

ρ0 − ρ1

1− A
V0.

At X = XL, It is trivial that y(XL) = 0 in the limit, and consequently, V (X) − V (0) =

r
ρ0−ρ1

γ. Together with V (X) = ( r
r+ρ0

e(r+ρ0)X+ ρ0

r+ρ0
)V (0), we have XL = 1

r+ρ0
log(1+ r+ρ0

ρ0−ρ1
γ),

which is increasing in ρ1 and decreasing in ρ0.

At X = X∗−, we have V (X∗−) − V (0) = r
ρ0−ρ1

((1 − A)y(X∗−) + γ). Together with

V (X∗−) = V (X∗+) = r+ρ0V0

r+ρ0
, then V0 = r+ρ0V0

r+ρ0
− r

ρ0−ρ1
((1−A)y(X∗−) + γ). First, in order

to guarantee that V (0) > 0, we need ρ0−ρ1

r+ρ0
> γ. Second, if we put this equation into the above

first-order differential equation, we get a boundary condition: y′(X∗−) = ρ0−ρ1

1−A (1−y(X∗−)).

To summarize, for X ∈ (XL, X
∗), we solve for y(X) = ( (1−A)(r+ρ0)

ρ0−ρ1
e
r+ρ1−A(r+ρ0)

1−A (X∗−XL) −

1)−1(e
r+ρ1−A(r+ρ0)

1−A (X−XL) − 1).

�

Proof of Proposition 5.6:

Proof. Step 1: We figure out an equilibrium.

First, for X > X∗, it is an equilibrium that a(X) = 0 and y(X) = 1, with the similar

argument as in the case of one-step transition rule.

Second, we consider the region that 0 < X < X∗, we construct an equilibrium that y(X) ∈

(0, 1) and a(X) = a∗(X). Given a fixed ∆ > 0, Vk = yk+δ(ykVk−1+(1−yk)(1
2
Vk+1+ 1

2
Vk−1)) =

Ayk− γ+ δ(ykVk+1 + (1− yk)(1
2
Vk+1 + 1

2
Vk−1)). Therefore, δ(Vk+1−Vk−1)yk = (1−A)yk + γ.
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In the limit as ∆ → 0, V ′(X) = r
2
(1 − A + γ

yk
) and rVk = ryk + ykV

′(X). Therefore,

y′(X) = r(1−A)
1+A

+ rγ
1+A

1
y(X)

and V (X) = 1+A
2
y(X)− γ

2
. Define the solution as yA(X). Define

XA to satisfy yA(XA) = γ
1+A

. It is trivial that XA < 0 if and only if V (0) > 0.

If XA < 0, there is a non-absorbing equilibrium as follows. For X ∈ [0, X∗), the firm invest

with probability a(X) = a∗(X) and the demand is subject to y′(X) = r(1−A)
1+A

+ rγ
1+A

1
y(X)

and

y(X∗) = 1.

If XA ≥ 0, there is an absorbing equilibrium as follows. For X ∈ [0, XA), there is no

demand and the firm does not invest. For X ≥ XA, the equilibrium is described by the

non-absorbing equilibrium.

Step 2: We figure out a continuum of equilibria.

Fix Y ∈ max{XA, 0}. For any X ∈ (0, Y ), it is an equilibrium that the buyers does not

buy and the firm does not invest. For the buyers, the best response to not investing is not to

buy. Given the buyer’s choice of not buying, the firm does not have any long-term benefit,

since the expected future quality is independent of the current investment choice, and thus

the firm only considers the short-term profit and the best response is not to invest. At the

threshold Y below which the buyer does not buy and the firm’s profit is zero, the firm invests

for sure to avoid falling into the region of low value and the buyers’ best response is to buy.

For X > Y , both the buyers and the firm randomize, and the equilibrium is described by

the non-absorbing equilibrium in Step 1.

�

References

[1] Board, S. and Meyer-ter-Vehn, M.(2013), Reputation for quality, Econometrica, Vol. 81, No. 6, 2381-2462.

[2] Bohren, A. (2018), Using Persistence to Generate Incentives in a Dynamic Moral Hazard Problem, PIER

Working Paper 18-015.

[3] Cisternas, G. (2018), Career Concerns and the Nature of Skills, American Economic Journal: Microeco-

nomics, 10 (2): 152-89.

[4] Cripps, M. W., Mailath, G. J. and Samuelson L. (2007), Disappearing Private Reputations in Long-Run

Relationships, Journal of Economic Theory, 134(1), 287-316.

[5] Dietz, Graham and Gillespie, Nicole (2012), The Recovery of Trust: Case studies of organizational failures

and trust repair, Occasional Paper 5, Institute of Business Ethics.



STOCHASTIC QUALITY CYCLES 39
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